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SOME MIXED HODGE STRUCTURES ON l2−COHOMOLOGY GROUPS OF
COVERINGS OF KA¨HLER MANIFOLDS.
P. DINGOYAN
Abstract. We give methods to compute l2−cohomology groups of a covering manifold obtained
by removing the pullback of a (normal crossing) divisor to a covering of a compact Ka¨hler
manifold.
We prove that in suitable quotient categories, these groups admit natural mixed Hodge struc-
ture whose graded pieces are given by the expected Gysin maps.
1. introduction.
1.1. The Hodge decomposition of the cohomology ring of a compact Ka¨hler manifold X defines
a Hodge structure. This gives strong relations between the topology of the manifold and the
holomorphic structure. This decomposition still holds for an infinite covering p : X˜ → X once one
restricts to the space of square integrable harmonic forms. Let us recall two achievements in this
setting.
The l2−cohomology groups of the covering p : X˜ → X are the De Rham cohomology groups
Hkd(2)(X˜) = Ker(d)/Im(d) of the square integrable forms on X˜. The reduced l
2−cohomology
groups Ker(d)/Im(d) are isomorphic to the harmonic spaces Hid(2)(X˜) ([2], [10], [54] and [18], [9],
[37], [16]). Assume that p : X˜ → X is a Galois covering with Galois group G.
Then a fundamental result of Atiyah [2] is that the Euler characteristic of X is equal to the
l2−Euler characteristic of p : X˜ → X . Note that the l2−harmonic spaces are modules over the
Von Neumann algebra N(G) generated by the left action of G on l2(G). This allows to define a
Von Neumann dimension.
When X is a Ka¨hler manifold, the d−harmonic spaces on X˜ admit a Hodge decomposition
according to bi-type: Hrd(2)(X˜) = ⊕p+q=rH
(p,q)
∂(2)
(X˜). If moreover X˜ is the universal covering space
of X , Gromov [30], [31] proves that the non vanishing of H1d(2)(X˜) implies that there exists a
proper equivariant holomorphic map from X˜ to the unit disc.
1.2. Deligne [11] [12] discovered that the cohomology ring of any algebraic variety, open or sin-
gular, carries a mixed Hodge structure (a real filtration whose quotients have a Hodge structure
subject to natural compatibilities). In this article, one will put such mixed Hodge structure on the
l2−cohomology groups of the covering p−1(X \D) → X \D, which is defined by the restriction
over a Zariski open subset of a covering of X .
Let D = D1 ∪ . . .∪Dr be a normal crossing divisor in X . One first recall that the mixed Hodge
structure on the cohomology groups of the quasi-projective manifold X \D is built from the Hodge
structures of the compact projective manifolds X , Di, Di ∩ Dj, . . .. An example is provided by
one irreductible smooth divisor D in X : the Gysin-Leray exact sequence . . . → Hp−2(D,C)
i!→
Hp(X,C) → Hp(X \ D,C)
res
→ Hp−1(D,C) . . . enables one to filter Hp(X \ D,C) by subspaces
whose quotients carry Hodge structures. In general, a spectral sequence considers further relations
between the divisors.
Now, the l2−cohomology groups of p−1(X \ D) → X \ D are defined as the cohomology over
X \ D of the locally constant sheaf p∗(2)C|X\D, the sheaf of locally constant square integrable
functions in the fiber of p. This sheaf is isomorphic to l2(G)⊗Z[G] p!ZX˜\p−1(D) and the cohomology
groups are isomorphic to the groups of equivariant cohomology of p−1(X \D) with values in l2(G)
(see 2.6.6).
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The building blocks of the mixed Hodge structure on H .(X \ D, p∗(2)C) will be the Hodge
structures on the harmonic spaces H.d(2)(X˜),H
.
d(2)(p
−1(Di)),H
.
d(2)(p
−1(Di ∩Dj)), . . . and Gysin’s
morphisms between them. Note that G acts co-compactly on the manifolds X˜, p−1(Di), . . ..
We first transpose the sheaf theoretic development of mixed Hodge theory as in Deligne [11] to
the l2−setting. To this aim, we use the definition of Campana-Demailly [8] for the l2−cohomology
groups of G−equivariant coherent analytic sheaves. This gives enough functoriality to obtain the
Gysin’s morphisms between the non reduced l2−cohomology groups.
In order to use the Hodge structure on the harmonic spaces, we work in a quotient cat-
egory or localized category ([25], [32], [60]). In the quotient category, the morphisms from
the ∂−harmonic spaces H
(p,q)
∂(2)
(p−1(∩0≤i≤lDti)) to the unreduced Dolbeault cohomology groups
Hp,q
∂(2)
(p−1(∩0≤i≤lDti)) are isomorphisms. Hence the non reduced parts of the Dolbeault cohomo-
logy groups become isomorphic to zero.
Then, the weight spectral sequence, which abuts to the l2−cohomology groups of p−1(X \D)→
X \D, becomes a spectral sequence of Hodge structures. As in Deligne [11], it degenerates at E2
and is therefore computable (see Theorem 3).
The initial motivation of this work was the study of non compact divisors in the universal
covering of X , whose irreducible components are compact. We refer to the article of Nori [42] for
results on this question. Here we focus on the technical part of mixed Hodge structure modulo
some torsion theory. In a subsequent paper, functoriality, geometrical and analytical applications
will be given.
1.3. Before giving detailed statements, we comment on the use of torsion theory. The precise
definition of a torsion theory will be given in 2.4. It is a quite standard tool in l2−cohomology
(see Farber [23], Eyssidieux [21], Lu¨ck [37], Sauer-Thom [49] and it appears implicitly in Cheeger-
Gromov [9], Shubin [54]). We combine the torsion theory with a theory of l2−sheaves (Eyssidieux
[21], Campana-Demailly [8]): we can then link the simplicial, the topological and the analytical
l2−cohomology in the framework of the mixed Hodge structures.
In the quotient category, the torsion modules are by definition isomorphic to zero and isomor-
phisms are defined up to torsion modules. Hence it may be useful to interpret in the original
category an isomorphism in the localised category. In the case of a Galois covering, the Von Neu-
mann algebra N(G) of the groups G acts faithfully on the l2−cohomology groups. We can work
modulo the modules with vanishing Von Neumann dimension and results may be interpreted in
terms of the orbitN(G)x of elements. This leads to a ∂∂−lemma (3.4.6) up to a weak isomorphism.
1.4. The following theorem gives a functorial description of the l2−Hodge decomposition. It will
be used later to relate the l2−cohomology groups over X , D, Di ∩Dj ,. . .
Let (p∗(2)Ω
., d)→ X be the complex of l2−direct image of holomorphic forms: a germ at x ∈ X
is given by a square integrable holomorphic form in a neighborhood p−1(V ) of p−1(x) ([8] and 2.6).
Theorem 1. Let p : X˜ → (X,ω) be a Galois covering of a compact hermitian manifold with
covering group G. Let N(G) be the Von Neumann algebra of G.
1) There exists a Hodge to De Rham spectral sequence of N(G)−modules
Hp,q
∂(2)
(X˜) ≃ Hq(X, p∗(2)Ω
p)⇒ Hp+q(X, (p∗(2)Ω
., d)) ≃ Hp+qd(2)(X˜) .
2) Assume that ω is a Ka¨hler metric. Let τ be a real torsion theory such that Im∂/Im∂ is a torsion
module. Then the Hodge to De Rham spectral sequence Hp,q
∂(2)
(X˜) ⇒ Hp+qd(2)(X˜) degenerates at
E1 in the quotient category Mod(N(G))/τ and the isomorphism ⊕p+q=rH
(p,q)
∂(2)
(X˜) ≃ Hrd(2)(X˜) in
Mod(N(G))/τ defines a τ−Hodge structure on H
r
d(2)(X˜).
Standard torsion theories are τdim and τU(G): The torsion theory τdim is such that modules of
zero G−dimension are torsions (we use the generalised Von-Neumann dimension of [37] Chap. 6).
Let U(G) be the ring of operators affiliated to N(G): It is the ring of unbounded operators on
l2(G) that commutes with the right action of G on l2(G). It is isomorphic to the quotient ring of
N(G) by the multiplicative set of weak isomorphism (see [37] Chap. 8). Then τU(G) is the torsion
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theory such that a module M is a torsion module if U(G) ⊗N(G) M is isomorphic to zero. When
the covering p : X˜ → X is Galois and X is compact, then Im∂/Im∂ is a τU(G)−torsion module.
1.5. The following theorem enables one to define a mixed Hodge structure on the l2−cohomology
groups of p−1(X \D) → X \D. It gives two filtrations for computing these groups. The weight
filtration W measures the singularities along D of some representative of a cohomology class in
H .(X \D, p∗(2)C). The Hodge filtration is related to the decomposition of forms into bi-type.
Let p∗(2)R = l
2(G,R) ⊗R[G] p!(RX˜) and p∗(2)C = l
2(G,C) ⊗C[G] p!(CX˜) be the sheaves on X of
locally constant functions which are square integrable in the fibers of p. Let (p∗(2)Ω
.
X(logD), d) be
the complex of sheaves on X of l2−direct image ([8] and 2.6) of the logarithmic forms with pole
on D. This complex is bi-filtered by the weight filtration W (see 4.1) and the Hodge filtration F .
Theorem 2. Let D = D1 ∪ . . . ∪Dr be a normal crossing divisor in X. Set Dl = ⊔♯I=l ∩i∈I Di,
(1 ≤ l ≤ n) and D0 = X.
1) The group H .(X \D, p∗(2)C) is isomorphic as a N(G)−module to H
.(X, (p∗(2)Ω
.
X(logD), d)).
2) Let τ be a real torsion theory on Mod(N(G)) and let Mod(N(G))/τ be the quotient category.
Assume the l2−Hodge to De Rham spectral sequences of each p−1(Dl), l ∈ {0, . . . , r}, degenerates
in Mod(N(G))/τ as in theorem 1. Then:
i) The weight spectral sequence for H.(X, (p∗(2)Ω
.
X(logD),W, d)) whose E
−p,p+q
1 −term is isomorphic
to Hq−pd(2)(p
−1(Dp)) degenerates at E2 in Mod(N(G))/τ .
ii) The Hodge spectral sequence for H.(X, (p∗(2)Ω
.
X(logD), F, d)) which has term E
p,q
1 isomorphic to
Hq(X, p∗(2)Ω
p
X(logD)) degenerates at E1 in Mod(N(G))/τ .
iii) Define the weight filtration W on Hk(X \Y, p∗(2)R) to be the shifted filtration W [k]. :=W.−k of
the filtration induced by the weight spectral sequence.
Define the Hodge filtration F on Hk(X \ Y, p∗(2)C) to be the filtration induced by the Hodge
spectral sequence.
Then (Hk(X \D, p∗(2)R),W, F ) is a mixed Hodge structure in Mod(N(G))/τ .
We note further that for a torsion theory τ defined in terms of the group G only, such as τdim or
τU(G), the above mixed Hodge structure in Mod(N(G))/τ is functorial in the category of G−covers.
Moreover two compactifications of X \D which are dominated by a third one will define isomorphic
mixed Hodge structures.
1.6. The reduction of the above spectral sequences to Mod(N(G))/τdim or Mod(N(G))/τU(G) al-
ways defines mixed Hodge structures. The isomorphism E2(W ) ≃ E∞(W ) gives the expected
realisation in term of harmonic spaces and Gysin maps (notations of 5.1.4):
Theorem 3. Let p : X˜ → X be a Galois covering of a compact Ka¨hler manifold. Let G be its
group of deck transformations and let N(G) be its von Neumann algebra. Then in the quotient
category Mod(N(G))/τdim or Mod(N(G))/τU(G) , the space Gr
W
l+kH
k(X \D, p∗(2)C) is isomorphic to
the middle homology of the Gysin sequence
Hk−l−2d(2) (p
−1(Dl+1))→ H
k−l
d(2)(p
−1(Dl))→ H
k−l+2
d(2) (p
−1(Dl−1)) .
Moreover
GrpFH
p+q(X \D, p∗(2)C) ≃ H
q
∂(2)
(X˜,Ωp
X˜
log(p−1(D))) .
Part of the graded module associated to the weight filtration on H .(X \D, p∗(2)C) has a com-
binatorial description:
A dual CW complex K˜ is attached to (X˜, p−1(D))→ (X,D) (see 5.2): A connected component
of p−1(Dk+1) defines a k−cell. It is attached along (k − 1)−cells corresponding to connected
components of p−1(Dk) which contain it.
Corollary 1. In Mod(N(G))/τdim or Mod(N(G))/τU(G) , the space Gr
W
2nH
2n−(k+1)(X \D, p∗(2)C)
(n = dimCX) is isomorphic to the k−th (reduced) relative l
2−homology group H¯k,(2)(|K˜|, |K˜(∞)|)
of the dual CW-complex associated to (X˜, p−1(D))→ (X,D).
Here K˜(∞) is the set of cells whose isotropy subgroups under the action of G are infinite.
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2. preliminaries.
2.1. Real structures.
2.1.1. The Godement resolution. (See Godement [26] or Bredon [4]): Let X be a topological space.
Let R be a ring and R be the sheaf of rings it defines. Let A be a sheaf of (left) R−modules. Let
C.(X,A) := (CGod
.(X,A), d) be the Godement resolution ([26] p. 168) by sheaves of R−modules
with R−linear differential d. Let Γ(X, .) be the functor of global sections.
Then
A → C.(X,A) , A → C.(X,A) = (Γ(X, CGod
.(X,A)), d)
are covariant additive exact functors with values in the category of differential R−sheaves, resp.
cochain R−complexes. If X is clear from the context, we write C.(A), . . .
If (F ., d) is a differential sheaf, let C.(F .) be the total complex associated to the double complex
CGod
q(X,Fp). Let j : Y → X be a continuous map and (F ., d) be a differential sheaf ofR−modules
on Y . One sets Rj∗F
. := j∗C
.(F .)
2.1.2. Real structures. Assume that R is a R−algebra, then any sheaf of R−modules is also a sheaf
of R−vector spaces so that A⊗R C is a sheaf of R⊗R C−left modules. Let i : A → A⊗R C.
Then
j∗(A)⊗R C → j∗(A⊗R C)(1)
C.(X,A)⊗R C
C.(i)⊗1C
−→ C.(X,A⊗R C) C
.(X,A)⊗R C
C.(i)⊗1C
−→ C.(X,A⊗R C)(2)
are R⊗R C−isomorphisms (resp. R⊗R C−isomorphisms).
2.1.3. A real structure on a R⊗R C−sheaf B is a R−subsheaf A
i
→ B such that A ⊗R C
i⊗1C→ B
is an isomorphism. It induces a real structure on the Godement resolution.
Then H .(X, A)⊗R C→ H
.(X, A⊗R C) is a R ⊗R C−isomorphism.
Definition 2.1.4. Let G be a discrete group. Let Nl(G) (resp. Nr(G)) be the left (resp. right) von
Neumann algebra of G generated by operators on l2(G) := l2(G,C) of left (resp. right) convolution
by elements in C[G]. Then one sets N(G) := Nl(G).
The R[G]−isomorphism l2(G,C) ∋ a→ Re(a) + iIm(a) ∈ l2(G,R) ⊗ C induces decompositions
EndC(l
2(G,R)⊗ C) ≃ EndR(l
2(G,R)) ⊗ C(3)
EndC[G](l
2(G,R)⊗ C) ≃ EndR[G](l
2(G,R))⊗ C(4)
Nr(G,C) ≃ Nr(G,R)⊗ C(5)
The left action of G on l2(G,R) defines a left action of G on EndR(l
2(G,R)) and EndCl
2(G,C)
so that g(m(a)) = (gm)(ga). The set of continuous invariant morphisms for this action, Nr(G,R)
and Nr(G,C), are algebras. An element ρ(f) ∈ Nr(G,C) is represented by right convolution with
a function f ∈ l2(G,C) which is moderate ([15] 13.8.3): ∃C ≥ 0 : ∀g ∈ C[G], ||g ⋆ f ||2 ≤ C||g||2.
Then ρ(f) ∈ Nr(G,R) is equivalent to f real valued.
The symetric statements hold if we work with the right Von Neumann algebra generated by
right regular representation. Hence N(G,C) ≃ N(G,R)⊗ C.
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2.2. A lemma on von Neumann algebras. In this section we recall basic definitions about a
(finite) Von Neumann algebra M , its representations and the Murray-Von Neumann dimension.
Our goal is the lemma 2.2.16 which enables to lift, up to a weak isomorphism, to the source a vec-
tor in the closure of the range of a M−Fredholm operator. This lemma, of analytical independent
interest, will give a non trivial example of torsion theory.
For this section we refer to Dixmier [15], Pedersen [43], Takesaki [57]. A survey on von Neumann
algebras is given in [37] chap. 9.
Definition 2.2.1. Let H0 be some (separable) Hilbert space. A C
∗−subalgebra M of B(H0) is a
Von Neumann algebra if M is weakly closed ⇐⇒ M is strongly closed ⇐⇒ M is equal to its
bi-commutant in B(H).
One let M ′ be the commutant of M in B(H0). Let H be some Hilbert space. A representation
π : M → B(H) is normal if it is continuous on bounded increasing net of M. Normality of π
implies that Ker(π) and π(M) are Von Neumann algebras. Then (H, π) (or simply H) is called a
M−Hilbert module. We recall that weakly isomorphic M−Hilbert modules are M−isometric:
Lemma 2.2.2. Let f : (H1, π1) → (H2, π2) be a bounded M−linear weak isomorphism (injective
with dense range). Let f = up be its polar decomposition. Then u : H1 → H2 is a M−isometry.
Definition 2.2.3. Let M be a Von Neumann algebra on a separable Hilbert space. Let M+ be the
cone of positive operators in M.
1) A trace is a function t : M+ → [0,+∞] such that if λ > 0 and x, y ∈ M+ then t(λx) = λt(x),
t(x+ y) = t(x) + t(y) and for all unitary u ∈ A, t(u∗xu) = t(x).
2) A state is a positive linear functional of norm one: ϕ ∈ M
′
such that ϕ(M+) ⊂ R
+ and ϕ(1) = 1.
3) A trace or a state is normal if it is continuous on limit of increasing nets.
4) A faithful trace is called finite if t(1) < +∞ (and M is then called finite von Neumann algebra).
It is called semi finite if Mt+ = {y ∈ M+ : t(y) < +∞} is weakly dense in M+. Then for all
x ∈ M+, t(x) = sup
y≤x, y∈Mt+
t(y).
Example 2.2.4.
1) Let δe ∈ l
2(G) be the dirac function at the unit element e of G. The trace of n ∈ Nl(G) or
Nr(G) is trN(G)n :=< n(δe), δe >.
2) Let (H, π) be a M−Hilbert module. Let ζ ∈ H be a vector of unit norm. Then x 7→< π(x)ζ, ζ >
is a normal positive linear functional of norm 1, called the vector state associated to (π,H, ζ).
Traces and states satisfy Cauchy-Schwartz inequality:
|ϕ(y∗x)|2 ≤ ϕ(x∗x)ϕ(y∗y) on Mϕ2 = {x ∈M : ϕ(x
∗x) < +∞} .(6)
Therefore, the left kernel Lϕ = {x ∈ M : ϕ(x
∗x) = 0} of a trace or a state is a linear space. One
says that ϕ is faithful if Lϕ = 0. Define a scalar product on M
ϕ
2 /Lϕ (which is equal to M/Ker(ϕ)
if ϕ is a state) by (ζx, ζy) := ϕ(y
∗x) with x 7→ ζx be the quotient map.
The GNS (Gelfand-Naimark-Segal) construction is obtained by completion of this pre-Hilbert
space (see [43] 3.3). Recall that a representation (π,H, ζ) of M is said to be cyclic if π(M)ζ is
dense in H .
Lemma 2.2.5.
1) Let ϕ be a positive linear functional on M. There exists a cyclic representation (πϕ, Hϕ, ζϕ) such
that < πϕ(x)ζϕ, ζϕ >= ϕ(x).
2) Let ϕ′ be a positive linear functional such that ϕ′ ≤ ϕ, then there exists a unique a ∈ πϕ(M)
′,
0 ≤ a ≤ 1, such that ϕ′(x) = (πϕ(x)aζϕ, ζϕ).
3) Hence (πϕ′ , Hϕ′ , ζϕ′) is a subrepresentation of (πϕ, Hϕ, ζϕ).
4) Let ϕ be the vector state associated to (π,H, ζ), then M/Ker(ϕ) ∋ x 7→ xζ ∈ H defines a
M−linear isometry between (πϕ, Hϕ, ζϕ) and (π, π(M)ζ
H
, ζ).
5) Assume that ϕ is a faithful state, then for any state ϕ′ on M, (πϕ′ , Hϕ′ , ζϕ′) is a sub- represen-
tation of (πϕ, Hϕ, ζϕ).
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2.2.6. The standard form. The unitary invariance of a trace t implies that t(xy) = t(yx) on Mt2.
This gives further properties to the associated GNS space: Let (M, t) be a von Neumann algebra
with a normal faithful tracial state (a continuous positive linear form ϕ such that ϕ(1) = 1 and ϕ
is a normal trace). Then (x, y) 7→ t(y∗x) = (x, y)t is a scalar product.
Definition 2.2.7.
1) Let (πt, l
2(M, t), ζt) be the Hilbertian representation obtained through the GNS construction. It
is called the standard form associated to (M, t).
2) The isometric densely defined operator M ∋ x → x∗ ∈ M extends to J : L2(M, t) → L2(M, t)
which is conjugate linear, isometric and involutive.
3) If x ∈ M, the maps λ(x) : y 7→ xy and ρ(x) : y 7→ yx, defined on M, extend uniquely as
ρ(x), λ(x) ∈ B(l2(M, t)).
A vector ζ ∈ l2(M, t) defines two closed, densely defined, unbounded operators:
λ(ζ) : D(λ(ζ)) = Mζt ∋ xζt 7→ ρ(x)ζ ∈ l
2(M, t)
ρ(ζ) : D(ρ(ζ)) = Mζt ∋ xζt 7→ λ(x)ζ ∈ l
2(M, t)
Lemma 2.2.8.
1) λ(M) and ρ(M) are von Neumann subalgebras on l2(M, t) such that Jλ(M)J = ρ(M) and λ(M)′ =
ρ(M).
2) Let ζ ∈ l2(M, t). Then ρ(ζ) is bounded iff λ(ζ) is bounded iff ζ ∈ Mζt.
Proof. see [57] Chap. 5 th.2.22 (p. 324) and Lemma 2.21 
Example 2.2.9. Let G be a discrete group, let Nl(G), Nr(G) left (resp. right) von Neumann
algebra generated by the left (resp. right) translations. Then the standard form of (Nl(G), tr) is
(λ, l2(G), e) and Nl(G)
′ = Nr(G) and Nr(G)
′ = Nl(G) ([15] I.5.2).
2.2.10. The Murray-Von Neumann dimension. Let M′ be the commutant of M acting on l2(M).
Let M act on l2(M)⊗ l2(N) through the faithful representation x→ x⊗1. It is called amplification
([57] p. 184). The structure theorem of normal morphisms between Von Neuman algebras ([15])
implies:
Lemma 2.2.11. Let (H, π) be a separable M−module. Then there exists a M−isometry
u : H → l2(M)⊗ l2(N) such that ux = (x⊗ 1)u.
Let p be the orthogonal projection on u(H). Then p belongs to the commutant of M acting on
l2(M)⊗ l2(N) which is equal to M′⊗¯B(l2(N)): p = (pij) decomposes as a matrix such that pij ∈M
′.
Definition 2.2.12. The trace of p is defined by Tr(p) =
∑
i∈N
τ(pii). It does not depend on the
embedding u. It is called the Von Neumann dimension of H, denoted dim(M,τ)H or dimMH if τ
is understood.
Definition 2.2.13. [37, 54] A morphism h : H1 → H2 between M−Hilbert modules is called
M−Fredholm if dimMKer(h) < +∞ and there exists L ⊂ Ran(h) such that dimMH2 ⊖ L < +∞.
Then (loc. cit.) h is a M−Fredholm morphism iff dimMKer(h
∗) < +∞ and if h∗h =
∫
λdEλ is
the spectral decomposition of h∗h then there exists λ > 0 such that TrMEλ < +∞.
Definition 2.2.14. (Murray-Von Neumann [41] Chap. XVI)
1) Let M be a finite Von Neumann algebra on H. A closed densely defined operator h : Dom(h)→ H
is said to be affiliated to M if it commutes with M′: for all unitary u ∈ M′, uDom(h) = Dom(h)
and uh = hu.
2) [41, 54] A linear subspace L in H is said to be essentially dense if for any ǫ > 0, there exists a
closed M−Hilbert submodule Lǫ contained in L such that dimM(H ⊖ Lǫ) ≤ ǫ.
We have the following important properties:
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Lemma 2.2.15. [41, 54] Let M be a finite Von Neumann algebra.
1) Let h : H1 → H2 be a morphism of M−Hilbert modules. Let L be a linear subspace of H2 which
is essentially dense. Then h−1(L) is essentially dense in H1.
2) Assume that h is M−Fredholm. Then Ran(h) is essentially dense in Ran(h).
3) Assume that h : H1 → H2 is a M−Fredholm weak isomophism. Then for any closed M−subspace
F in H2, h|h−1(F ) : h
−1(F )→ F is a weak isomorphism.
The closed densely defined unbounded operators ρ(x) with x ∈ l2(M, t) are examples of operators
affiliated to ρ(M). The bi-commutant theorem implies that h is affiliated to M iff f(h) ∈ M for
every bounded Borel function on Spec(h) (see [43] 5.3.10). In particular, if h ≥ 0 then h is affiliated
to M iff (1 + ǫh)−1h ∈M for some ǫ > 0.
An essential property of affiliated operators to (M, t), a finite von Neumann algebra, is that they
form an algebra (a property valid for more general semi-finite von Neumann algebra, see [37] Chap.
8, [41] Chap. XVI, [54]): The spectral theorem implies that the domain of an operator affiliated
to M is essentially dense and the above lemma proves that intersection of two essentially dense
subspaces is an essentially dense subspace.
The following lemma is a variation on the description of π(M)x in term of affiliated operators
as in [41] 9.2, developped as Radon-Nykodim theorems in [17], [43] 5.3:
Lemma 2.2.16. Let (M, t) be a finite von Neumann algebra. Let π : M → B(H) be a faithful
represention of M as a von Neumann subalgebra of B(H). Let h be an operator in the commu-
tant π(M)′ of π(M) which is M−Fredholm. For any ζ ∈ Ran(h), there exists r ∈ M such that
πt(r)(2.2.6) is injective with dense range and π(r)ζ ∈ Ran(h).
Proof.
1) First, assume that H = l2(M, t) and that ρ(ζ), h ∈ M′ have dense ranges. Then h = ρ(r) with
r ∈M (2.2.8). Let h−1◦ρ(ζ) = up be the polar decomposition of the operator h−1◦ρ(ζ) affiliated to
M′. Then u is an isometry, p is positive, u, p are affiliated to M′. But up = [up(1+p)−1](1+p). Note
that 1 + p ≥ 1 hence (1 + p)−1, p(1 + p)−1 belong to M′. From (2.2.8), there exists a, y ∈ M, such
that (1+p)−1 = ρ(a) and ρ(y) = up(1+p)−1. Then ρ(ζ)◦ρ(a) = h◦ρ(y). But ρ(ζ)◦ρ(a) = ρ(a.ζ)
and h ◦ ρ(y) = ρ(h(y)) (identity is valid on the dense subset M). Then Ran(ρ(a)) = Dom(1 + p)
is dense.
2) In general, let ζ ∈ Ran(h). Then π(M)ζ ⊂ Ran(h). Let h⊥ : Ker(h)
⊥ → Ranh and
h1 = h⊥ ⊕ idl2(M,t) : Ker(h)
⊥ ⊕ l2(M, t) → Ran(h) ⊕ l2(M, t). Set π1 = π ⊕ λ. Lemma 2.2.15
implies that
h1 : h1
−1
(
π1(M)(ζ ⊕ 1)
)
→ π1(M)(ζ ⊕ 1)
is a M−linear weak isomorphism, for h1 is a M−Fredholm weak isomorphism.
Moreover the vector state x →< π(x)ζ, ζ > +t(x) associated to (ζ, 1) dominates t. Using the
GNS construction 2.2.5 (5), we deduce that there exists M−isomorphisms
U1 : h1
−1
(
π1(M)(ζ ⊕ 1)
)
→ l2(M, t) and U2 : π1(M)(ζ ⊕ 1) → l
2(M, t). Setting ζ˜ = U2(ζ, 1) and
h˜ = U2 ◦ h1 ◦ U
−1
1 , we are reduced to the first case of the proof. 
From the proof, one sees that if x ∈ l2(G), then the conductor of the affiliated operator ρ(x) to
Nr(G) is non trivial. For further reference, we give the following example of weak isomorphism:
Lemma 2.2.17. Let G be an infinite discrete group and let µ ∈ l1(G,R) be a probability measure
on G such that the subgroup generated by the support of µ is equal to G. Then convolution with
1− µ defines a weak isomorphism on l2(G).
Proof. The hypothesis implies that the only µ−harmonic function in l2(G) is the null function (see
Woess [63] p. 159). 
2.3. G−Hilbert Modules and von Neumann dimension. Let G be a discrete group. A
(left) G−Hilbert module is a Hilbert space V with a unitary action U(.) of G such that V is
G−isometric to a G−invariant subspace of the free Hilbert G−module H ⊗ l2(G). Then the Von
Neumann algebra generated by {U(.)} is isomorphic to Nl(G). If dimCH < +∞, then V is said
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to be finitely generated. Let V be embedded as a closed G−invariant subset of H ⊗ l2(G). Let
P ∈ Nr(G)⊗¯B(H) be the orthogonal projection onto V . Then dimN(G)V = TrP .
Example 2.3.1. (see [54] section 3) If E˜ → X˜ is the pullback of a smooth vector bundle E → X
under a G−covering map X˜ → X , then the space of sections of E˜ with coefficients in a Sobolev
space is a G−Hilbert module (see 3.1.2).
Let Mod(N(G)) be the category of N(G)−modules where N(G) is viewed as an abstract ring.
A finitely generated projective N(G)−module is represented by an idempotent matrix
A ∈ Mn(N(G)). Define dimN(G)P := trN(G)A. Following Lu¨ck [37] Chap. 6, we define the
dimension function of a N(G)−module M by
dimN(G)M := sup{dimN(G)P : P ⊂M a finitely generated projective submodule} .
If V is a Hilbert N(G)−module, the two dimension functions agree: Their dimension is the
supremum over the finite dimensional subspaces ([37] p. 21 th.1.12 and th. 6.24).
2.4. Localisation at a Torsion theory. In this section we introduce the main categorical tool:
quotient of an abelian category A by a subcategory B. This gives the category for computating
′′ModB′′. Serre [52] used it in algebraic topology to obtain isomorphisms modulo finite groups. The
motivating example of isomorphism between the l2−cohomology and the reduced l2−cohomology
up to torsion was discussed in the introduction.
An equivalent well known construction is Verdier’s localisation of the category A by a class of
morphisms I, so that morphisms in I become isomorphisms in I−1A (see [60]).
We work with the category of modules over a ring R. Then we speak of torsion theory and
localisation at a torsion theory.
Definition 2.4.1. A Serre subcategory T of an abelian category A is a full subcategory T of A
such that for any exact sequence 0→ A→ B → C → 0 in A, B belongs to T iff A and C belongs
to T .
2) In the category Mod(R) of R−modules over a ring R, a Serre class T defines a hereditary torsion
theory τ = (T ,F) on R (Vas [59], Golan [27]): Modules in T are torsion modules. Define the class
of free modules by F = {F ∈ Mod(R) : ∀T ∈ T , HomR(T, F ) = 0}.
Lemma 2.4.2. Let τ = (T ,F) be a hereditary torsion theory, then
1) F is closed under submodules, direct products and extension.
2) Any M ∈ Mod(R) has a unique maximal τ−torsion submodule, denoted Tτ (M).
3) A hereditary torsion theory is cogenerated by an injective module E: τ = (T ,F) with T ∋ S ⇐⇒
HomR(C,E) = 0.
4) The functor Tτ (.) : Mod(R) → T is a left exact functor (N ⊂ M implies that Tτ (M) ∩ N =
Tτ (N)).
Proof.
2) Let {Ni, i ∈ Λ} be the set of all torsion submodules ofM . The trivial module {0} belongs to this
set. Then Tτ (M) :=
∑
i∈Λ
Ni satisfies required properties for it is a homomorphic image of ⊕i∈ΛNi
which is torsion.
3) , 4) See [27] p. 5 and p. 24. 
Definition 2.4.3.
1) Let τ1 and τ2 be torsion theories, then τ1 is smaller than τ2 (τ1 ≤ τ2) if T1 ⊂ T2 iff F1 ⊃ F2 .
2) Then if C is a class in Mod(R), the hereditary torsion theory generated by C is the smallest
hereditary torsion theory τ such that C ⊂ T .
2.4.4. Quotient category. Let T be a Serre subcategory of an Abelian category A. There exists a
quotient category A/T and an exact functor A → A/T with the universal property of factorisation
of functor mapping objects in T to the zero object (Grothendieck [32](1.11), Gabriel [25] Chap. 3,
Verdier [60] §2).
Definition 2.4.5. Let τ = (T ,F) be a hereditary torsion theory on Mod(R). Let Mod(R)/τ be the
quotient category of Mod(R) by the Serre class T :
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i) The objects of Mod(R)/τ are identical with the objects of Mod(R);
ii) The morphisms of Mod(R)/τ are elements of the following inductive limit
lim
−→
{HomR(M
′, N/N ′) :M ′ ⊂M, N ′ ⊂ N and M/M ′, N ′ ∈ T } .
Let α ∈ HomN(G)(M,N) and let [α] be its image in the quotient category. Then [α] is a
monomorphism (resp. epimorphism, resp. isomorphism) iff Ker(α) (resp. Coker(α), resp. Ker(α)
and Coker(α)) is a torsion module.
2.4.6. Remark. Another description of Mod(R)/τ is through fractions: Let I be the set of mor-
phisms in Mod(R) such that Ker(f) and Coker(f) are in T . Then I is a multiplicative system
and I−1Mod(R) and Mod(R)/τ are equivalent categories ([60], [61] 10.3.4 and ex. 10.3.2). Hence
a morphism [f1] ∈ HomMod(R)/τ (M,N) is represented by a left fraction M
i
←M ′
f1
→ N with i ∈ I.
2.4.7. Torsion theory and complexification. Let R be a ring which is also an R−algebra then R⊗RC
is a C−algebra. If A ∈ Mod(R) then the (R,C)−isomorphism (R ⊗R C) ⊗R A → A ⊗R C gives a
structure of R ⊗R C−module to A ⊗R C. The forgetful functor φ : Mod(R ⊗R C) ∋ B → BR ∈
Mod(R) is faithful and exact and has a left adjoint
(R ⊗R C)⊗ . : HomR(A,ER) ≃ HomR⊗RC((R⊗R C)⊗R A,E)(7)
Let J = φ(iIdB) be the automorphism in BR defined by multiplication by i in B and let
JC = J ⊗ 1C : BR ⊗R C → BR ⊗R C be its complex linear extension. Let B¯ be the complex
conjugate R ⊗R C−module associated to B: Its underlying abelian group is B, and the module
structure is given by the following representation ρ of R ⊗R C in End(B): ρ(r ⊗ c)(b) = (r ⊗ c¯).b.
The natural antilinear R−isomorphism B → B¯ defines a functor on Mod(R⊗RC). Then antilinear
R−linear maps from B to B′ are in bijection with R⊗RC−linear maps from B to B′ (or from B to
B′). An R⊗RC−isomorphism from B to B¯ is equivalent with a real structure α : B ≃R⊗RC A⊗RC
on B (A ∈ Mod(R)), which in turn is equivalent to a conjugation C on B (an R−linear involution
C on BR such that CJ = −JC). This defines an antilinear R−isomorphismHomR⊗RC(A⊗C, E¯) ≃
HomR⊗RC(A⊗ C, E).
Lemma 2.4.8.
1) Let B ∈ Mod(R⊗R C), then BR ⊗R C ≃R⊗RC B ⊕ B¯.
2) Let C be a conjugation on B ∈ Mod(R ⊗C). Then CC := C ⊗ IdC : BR ⊗R C→ BR ⊗R C maps
B to B¯.
Proof.
1) Let P± =
Id∓ iJC
2
: BR ⊗ C → BR ⊗ C be the projection onto the eigenspaces {JC = ±iId}.
One checks that B ∋ b → P+(b ⊗ 1) ∈ {JC = iId} and B¯ ∋ b → P−(b ⊗ 1) ∈ {JC = −iId} are
R⊗R C−isomorphisms.
2) The complex extension CC of C is an involution which anticommutes with J . 
Note that B ∋ b→ P+(b⊗ 1) ∈ BR ⊗R C is a splitting of the natural surjection BR ⊗R C→ B.
Definition 2.4.9 (see [27]). Let γ : R→ R⊗R C be the above ring extension.
i) Let τ = (T ,F) be a torsion theory on Mod(R). Then γ∗τ is the torsion theory on Mod(R ⊗R C)
such that B ∈ Mod(R ⊗R C) is γ∗τ−torsion iff BR is τ−torsion.
ii) Let τC = (TC,FC) be a torsion theory on Mod(R ⊗R C). Then γ
∗τC is the torsion theory on
Mod(R) such that A ∈ Mod(R) is γ∗τC−torsion iff A⊗R C is τC−torsion.
One checks that if τ is cogenerated by an injective I (2.4.2), then γ∗τ is cogenerated by the
injective I ⊗R C. Hence γ
∗γ∗τ = τ for I ⊗R C ≃R I
2. However if τC is a torsion theory on
Mod(R ⊗R C), γ∗γ
∗τC is in general strictly smaller than τC: B torsion does not imply B ⊕ B¯
torsion.
Definition 2.4.10. Let τC = (TτC ,FτC) be a torsion theory on Mod(R⊗R C) with torsion functor
TτC (2.4.2). The following properties are equivalent:
i) γ∗γ
∗τC = τC.
ii) There exists a torsion theory τ on Mod(R) such that τC = γ∗τ .
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iii) TτC is stable by conjugation.
iv) ∀B ∈ Mod(R ⊗R C), TτC(B¯) = TτC(B) (2.4.7).
A (hereditary) torsion theory on Mod(R⊗R C) is real if it satisfies one of the above properties.
Example 2.4.11. Let τC be any torsion theory then γ∗γ
∗τC is a real torsion theory.
Corollary 2.4.12.
1) Let (τ, τC, τ
′) be torsion theories on (R,R ⊗R C, R) such that τ ≤ γ
∗τC and τC ≤ γ∗τ
′ (iff
Tτ ⊗ C ⊂ TτC and [TτC ]R ⊂ Tτ ′). There exists exact functors
(.)⊗ C : Mod(R)/τ → Mod(R ⊗R C)/τC (.)R : Mod(R ⊗R C)/τC → Mod(R)/τ ′
such that the following diagrams commute:
Mod(R) Mod(R⊗R C) Mod(R⊗R C) Mod(R)
Mod(R)/τ Mod(R ⊗R C)/τC Mod(R ⊗R C)/τC Mod(R)/τ ′
✲(.)⊗C
❄ ❄
✲(.)R
❄ ❄
✲(.)⊗C ✲(.)R
2) In particular if τ = τ ′ and τC = γ∗τ , then ((.)⊗ C, (.)R) is a pair of adjoint functors.
3) Let (τ ′, γ∗τ
′) be torsion theories on (R,R ⊗R C) such that τ
′ ≤ τ . Then there exists an exact
functor from (Mod(R)/τ ′ ,Mod(R ⊗R C)/γ∗τ ′) to (Mod(R)/τ ,Mod(R ⊗R C)/γ∗τ ) which commutes
with tensor product up to an equivalence.
Proof. The kernel of Mod(R)
(.)⊗C
→ Mod(R⊗R C)→ Mod(R⊗C)/τC is spanned by the modules M
such that M ⊗R C is τC torsion which follows from M being τ torsion. One concludes from [25] p.
368 Cor. 2 and Cor. 3 or [22] 15.9. The other assertions are proved in the same way. 
Notations 2.4.13. Let τ be a (hereditary) torsion theory on Mod(R). Then τ ⊗ C := γ∗τ is the
real torsion theory on Mod(R ⊗R C) associated to τ .
Definition 2.4.14. Define a category R of modules with real structure modulo τ :
An object is a pair (B,α), B ∈ Mod(R ⊗R C)/τ⊗C with α : B → A ⊗R C an isomorphism in
Mod(R ⊗R C)/τ⊗C.
A morphism f : (B,α) → (B′, α′) in R is a map f : B → B′ such that there exists g : A → A′
with (g ⊗ 1C) ◦ α = α
′ ◦ f .
Lemma 2.4.15.
1) The category R is abelian.
2) A conjugation C on B ∈ Mod(R ⊗R C)/τ⊗C (an involution on BR ∈ Mod(R)/τ which anticom-
mutes with (iIdB)R) defines a real structure modulo τ : B
α
≃ Ker(C − IdBR)⊗ C . It induces an
isomorphism CC|B¯ : B¯ → B in Mod(R⊗R C)/τ⊗C (see 2.4.8).
Notations 2.4.16. Let B′ → B be a subobject of a module with real structure modulo τ . Then
B¯′ will be identified with the subobject B¯′ → B¯
CC|B¯
→ B. In particular, if F . is a filtration on B,
then F¯ . := (F .) will be called the conjugate filtration on B.
2.5. Examples of torsion theories.
2.5.1. From Dickson [13] section 3, if C is a class of modules defines
L(C) := {B ∈Mod(R) : ∀C ∈ C, HomR(B,C) = 0},(8)
R(C) := {B ∈Mod(R) : ∀C ∈ C, HomR(C,B) = 0}.(9)
The torsion theory generated by C is given by TC = LR(C).
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2.5.2. A multiplicative system S is a subset in R stable by multiplication. Then TS = {M ∈
Mod(R) : ∀m ∈ M, ∃s ∈ S s.t.sm = 0} is a Serre class. We will use the torsion theory generated
by Ranf
H2
/Ranf with f : H1 → H2 a bounded morphism between N(G)−Hilbert modules. If
A ∈Mod(R), let
S = {r ∈ N(G) with dense range : ∃a ∈ A with ra = 0} ⊂ ∪a∈A(0 : a) .
The properties of essentially G−dense subsets (see [54] or [41] Chap. XVI) imply that S is a
multiplicative system. A N(G)−module M is τS = (TS ,FS)−torsion iff ∀m ∈ M, ∃s ∈ S s.t.
sm = 0. Note that intersection of multiplicative systems is a multiplicative system.
2.5.3. In [37] Chap. 6, Lu¨ck defines a dimension function dimN(G) : Mod(N(G)) → [0,+∞]
which is additive on short exact sequences and which coincides with Von Neumann dimension for
N(G)−Hilbert modules. Therefore
Tdim = {M ∈ Mod(N(G)) : dimN(G)M = 0}
is a Serre class and defines a torsion theory τdim on N(G). This torsion theory is real for
a N(G)−module P is projective finitely generated iff P¯ is (see 2.3). Standard examples of
τdim−torsion modules are given in 3.4.4: Modules of the shape
A¯
A
H
, with A a G−invariant sub-
space of a finite G−dimensional G−Hilbert modules H , are zero dimensional. This follows from
the normality of the dimension function (see a proof in 3.4.4).
2.5.4. The algebra U(G) of affiliated operators to N(G) is studied in [41], [37] Chap. 8. and
Reich [45]. An affiliated opertor (to N(G)) is a G−equivariant unbounded operator f : dom(f) ⊂
l2(G)→ l2(G). Let M ∈ Mod(N(G)). Define TU(M) := Ker(M → U(G) ⊗N(G) M). This defines
a torsion class
TU(G) = {M ∈Mod(N(G)) : TU(M) =M}
and a torsion theory τU(G). An element m ∈M belongs to TU(G)(M) iff there exists an r ∈ N(G)
which is a not a divisor of zero (iff r is a weak isomorphism) such that rm = 0. Indeed r becomes
invertible in U(G). According to [59] p. 673, a module F ∈ Mod(N(G)) is τU(G)−torsion free iff
F is flat. This torsion theory is real for F is flat iff F¯ is.
Exemples of τU(G) torsion modules are given in 3.4.4. We present the case of a module generated
by elements with infinite isotropy.
Lemma 2.5.5. Let H be an infinite finitely generated subgroup of the discrete group G. Then
l2(G)⊗C[G] C[G/H ] is a τU(G)−torsion module.
Proof. Let µ ∈ l1(H,R) ⊂ l1(G,R) be a probability measure with finite support generating H .
Lemma 2.2.17 implies λ(1 − µ) is a weak isomorphism on l2(G,C) ≃C[H] ⊕[g]∈HGl
2(H). But
U(G) ⊗N(G) l
2(G) ⊗C[G] C[G/H ] is spanned by elements r ⊗ f ⊗ gH with r ∈ U(G), f ∈ l
2(G,C)
and g ∈ G. Then
r ⊗ f ⊗ g H = rλ(g(1 − µ))−1 ⊗ λ(g(1− µ))f ⊗ g H = rλ(g(1 − µ))−1 ⊗ fρ((1− µˇ)g−1)⊗ g H
= rλ(g(1 − µ))−1 ⊗ f ⊗ (1 − µˇ).eH = 0
for 1− µˇ = 0 in C[G/H ]. 
Remark 2.5.6. Let p : X˜ → X be a covering of a compact manifolds. We will see that if the
covering group G is Galois, then the torsion theories τdim and τU(G) on Mod(N(G)) give valuable
informations on the l2−cohomology groups of p : X˜ \ p−1(D)→ X \D.
On the opposite, if one considers a covering map p : X˜ → X with trivial automorphism, then
N(G) is isomorphic to C and a torsion theory is either trivial or any module is torsion.
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2.6. The sheaves of l2−direct images. Let p : X˜ → X be a covering map between complex
manifolds. Let G be the group of deck transformations. Let N(G) := N(G,C) be the its left
von Neumann algebra (the bi-commutant of the set of left translations acting on l2(G,C)) and let
N (G) (or N (G,C)) be the sheaf of rings it defines. Let N (G,R) be the sheaves of rings defined
by N(G,R) (2.1).
According to Campana-Demailly [8], if F is a coherent analytic sheaf on X , there exists a sheaf
p∗(2)F called l
2−direct image such that p∗(2)(.) is an exact functor from the category of coherent
analytic sheaves on X to the category of sheaves on X([8] prop2.6). The sheaf p∗(2)OX is the sheaf
associated to the presheaf V → O(p−1(V )) ∩L2(p−1(V ),C). We change from notations of [8], our
p∗(2)F is written there p∗(2)F˜ . Campana-Demailly [8] Cor 2.7 prove:
Lemma 2.6.1. For any analytic coherent sheaf F , the morphism p∗(2)O ⊗ F → p∗(2)F is an
isomorphism.
This isomorphism defines on p∗(2)F a structure of N (G)−sheaf compatible with the natural
structure of Z[G]−sheaf.
Definition 2.6.2. Let K be a subring of C. Let p∗(2)K be the locally constant sheaf defined by the
presheaf
U → {f ∈ L2(p−1(U),C) , f is K − valued and locally constant} .
Then p∗(2)(R) is a N (G,R)−module, p∗(2)(C) is a N (G,C)−module. When p : X˜ → X is Galois,
p∗(2)C is isomorphic to l
2(G,C)⊗Z[G] p!(ZX˜) as sheaves of left N (G,C)−modules.
Definition 2.6.3. Let F → X be a coherent analytic sheaf (or a constant sheaf).
The l2−cohomology groups H .(X, p∗(2)F) of p : X˜ → X with values in p
∗F are the cohomology
groups of the sheaf p∗(2)F over X.
Lemma 2.6.4. Let D : E → F be a differential operator with holomorphic coefficients between
holomorphic vector bundles. Then there exists an operator p∗(2)D : p∗(2)E → p∗(2)F .
Proof. In local trivialisation On ≃ E, Om ≃ F , D is given as
∑
|I|≤r
aI∂I with aI an holomorphic
function. But p∗(2)E, and p∗(2)F are O modules, hence it is enough to study D = ∂I . The claim
is then a consequence of the Cauchy inequalities. 
Lemma 2.6.5.
0→ p∗(2)C→ p∗(2)O
d
→ p∗(2)Ω
1 . . .
d
→ p∗(2)Ω
n → 0
is well-defined and exact.
Remark: It seems natural to extend the functor direct l2−images to an exact functor from the
category of DX−coherent modules to the category of N (G)−sheaves.
2.6.6. Link to singular cohomology. In this section we recall that the cohomology of a locally con-
stant sheaf is isomorphic to the singular cohomology with local coefficients and to the equivariant
cohomology of the universal cover X˜ with values in a π1(X)−module (Eilenberg [19], Steenrod
[55], Whitehead [62]). We refer to Dimca [14] section 2.5 for a more detailed presentation.
A bundle of groups L (or local system of groups) onX is a covariant functor from the fundamental
groupo¨ıd of X to the category of abelian groups ([62] p. 257).
A locally constant sheaf L defines a bundle of groups L for a locally constant sheaf over a
simply connected space is constant ([39] I.2). Hence a path γ : [0, 1]→ X defines the isomorphism
Lγ(0) ≃ γ
∗(L)0 ≃ γ
∗(L)1 ≃ Lγ(1) with Lx the stalk of L at a point x ∈ X .
A bundle of groups L on X and a point x0 ∈ X define a π1(X, x0)−module: let γx0 be the
constant path at x0. Then L(x0) := L(γx0) is a π1(X, x0)−module through the representation
ρL : π1(X, x0) ∋ γ 7→ L(γ) ∈ Hom(L(γx0), L(γx0)).
A π1(X)−module M defines a locally constant sheaf: the sheaf of cross sections of the fiber
bundle X˜ ×π1(X) M → X .
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Let K be the kernel of the monodromy representation ρL. Then the pullback of the bundle of
groups L and of the locally constant sheaf L are constant on pK : XK → X , the covering with
fundamental group K. L(x0) is a π1(X, x0)/K−module.
Let Cps (X,L) be the group of singular cochains with values in L: This is the set of functions
c which assigns to a singular simplex σ : ∆p → X an element c(σ) ∈ L(σ(e0)). This is a group
under addition of functional values. This lead to a complex (C.s(X,L), δ) whose cohomology
Hksing(X,L) := H
k(C.s(X,L), δ) is by definition the singular cohomology group of X with values
in the local system L (see [62] p. 270).
Let L be a locally constant sheaf over X with associated local system L. Let (C.s(X,L), δ) be
the differential sheaf associated to the presheaf U → (C.s(U,L|U), δ) (equivalent to the definition
given in [4] I.7). It defines a Γ(X, .)−acyclic resolution of L and provides an isomorphism between
the sheaf cohomology groups of L and the singular cohomology groups of L (see [4] Chap. III).
Let XK → X be the cover of X with group of deck transformations π1(X, x0)/K. Let
(C.(XK), δ) be its singular chain complex. Then (HomC[π1(X, x0)/K](C.(XK), L(x0)), δ) is a com-
plex whose cohomology Hqe (XK , Lx0) is by definition the group of equivariant cohomology of XK
with values in L(x0). From [19] §. 24, we have an isomorphism H
k
e (XK , L(x0)) ≃ H
k
sing(X,L).
2.7. Mixed Hodge structures. We recall or adapt definitions and fundamental results from
Deligne’s mixed Hodge structures ([11], [12]). The main points are contained in two theorems:
the theorem on strictness of morphisms and the theorem on degenerescence of the two spectral
sequences associated to a mixed Hodge complex.
2.7.1. We recall (see Peters-Steenbrink [44] p. 49) that a pseudo-morphism f : K . 99K L. between
two complexes K . and L. in an abelian category is a chain of morphisms
K .
f
→ K .1
f1
← K .2
f2
→ . . .
fn
→ K .n+1 = L
.
such that f1, . . . , fn are quasi-isomorphisms. It induces a morphism in the derived category. One
says that f : K . 99K L. is a pseudo-isomorphism when f is a quasi-isomorphism. When K . and L.
are filtered complexes it is understood that morphisms are filtered and that a quasi-isomorphism
is a filtered quasi-isomorphism (Gr.F (fi) is a quasi-isomorphism).
For further reference, we recall ([11] 1.4.6) that if (K ., d.) is a complex in an abelian category
then:
- The canonical filtration τ≤ on K is defined by: τ≤pK
n is equal to Kn if n < p, to Ker(dp) if
n = p and is the null object if p < n.
- The trivial filtration is defined by: (σ.≥pK)
n is equal to the null object if n < p and Kn if p ≤ n.
A quasi-isomorphism f : K . → L. defines a filtered quasi-isomorphism f : (K ., τ≤)→ (L
., τ≤).
Definition 2.7.2. Let R be a ring which is also an R−algebra. Let τ be a (hereditary) torsion
theory on Mod(R).
1) A mixed Hodge structure H = (HR,W, F ) in Mod(R)/τ is given by
i) a left R−module HR,
ii) a filtration W on HR in Mod(R)/τ ,
iii) a filtration F on HR⊗RC in Mod(R⊗RC)/τ⊗C such that WC, F, F¯ (2.4.16) are opposed (see [11]
1.2) in Mod(R⊗R C)/τ⊗C.
2) A morphism of mixed Hodge stucture f : H → H ′ in Mod(R)/τ is a morphism
f ∈ HomMod(R)/τ (HR, H
′
R) such that f is compatible with W and fC is compatible with F .
Theorem 1.2.10 of Deligne [11] implies:
Theorem 2.7.3. The category of mixed Hodge structure in Mod(R)/τ is abelian. A morphism
f : H → H ′ between MHS in Mod(R)/τ is strict for the filtrations.
In this article, we use only mixed Hodge complexes over R−algebras. This reflects the use of
l2(G,R).
Definition 2.7.4. Let R be a ring which is also an R−algebra. Let τ ′ and τ be torsion theories
on Mod(R) such that τ ′ is smaller than τ .
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A (τ ′, τ)−Hodge complex (KR, (KR⊗C, F )) of weight m is given by
1) A bounded below complex of modules KR in Mod(R)/τ ′
2) A bounded below filtered complex of modules (KR⊗C, F ) in Mod(R⊗R C)/τ ′⊗C.
3) A pseudo-morphism of bounded below complexes α : KR 99K KR⊗RC (comparison morphism) in
Mod(R)/τ ′ such that α⊗ Id : KR ⊗ C 99K KR⊗C is a pseudo-isomorphism.
The isomorphism H(KR) ⊗ C→˜H(KR⊗C) (in Mod(R ⊗ C)/τ ′⊗C′) defines a real structure on
H(KR⊗C).
One requires that
1) d is strictly compatible with F in Mod(R ⊗ C)/τ⊗C.
2) F and F¯ (2.4.16) are m+ k−opposed on Hk(KR⊗C) ≃ H
k(KR)⊗ C in Mod(R⊗ C)/τ⊗C.
Definition 2.7.5. (Following [44])
Let R be a ring which is also an R−algebra. Let τ ′, τ be torsion theories on R such that τ ′ is
smaller than τ .
A (τ ′, τ)−mixed Hodge complex ((KR,W ), (KR⊗C,W, F ), β) consists in
1) A bounded below filtered complex (KR,W ) in Mod(R)/τ ′ ,
2) A bounded below bi-filtered complex (KR⊗C,W, F )) in Mod(R⊗ C)/τ ′⊗C and a pseudo-morphism
β : (KR,W ) 99K (KR⊗C,W ) (comparison morphism) in the category of bounded below filtered
complexes in Mod(R)/τ ′ inducing a pseudo-isomorphism β ⊗ IdC : (KR ⊗ C,W ) 99K (KR⊗C,W ).
3) One requires that for each n, (GrWn (KR), (Gr
W
n (KR⊗C, F )) with pseudo-morphism
GrWn (β) : Gr
W
n (KR) 99K Gr
W
n (KR⊗C)
is a (τ ′, τ)−Hodge complex of weight n .
A (τ ′, τ)−mixed Hodge complex will also be called a mixed Hodge complex mod(τ ′, τ).
Example 2.7.6.
1) If τ ′ = ({0},Mod(R)) is the trivial torsion theory (no non zero torsion submodule), then a
(τ ′, τ)−mixed Hodge complex will be referred as a τ−mixed Hodge complex or a mixed Hodge
complex modulo τ . Therefore complexes and pseudo-morphisms are data in Mod(R) and properties
of degenerescence are assumed in Mod(R)/τ .
2) When τ ′ = τ , we will speak of mixed Hodge complex in Mod(R)/τ . Hence each mixed Hodge
complex modulo τ defines a mixed Hodge complex in Mod(R)/τ .
The following theorem contains the ”lemme des deux filtrations” ([11] 1.3 and [12] 7.2):
Theorem 2.7.7. Let ((KR,W ), (KR⊗C,W, F )) be a mixed Hodge complex mod(τ
′, τ). Then the
recurrent filtration and the direct filtration induced by F on Ep,qr (KR⊗C,W ) are equal in Mod(R⊗
C)/τ⊗C. The sequence 0 → Er(F
pK,W ) → Er(K,W ) → Er(K/F
pK) → 0 is exact for any
1 ≤ r ≤ +∞ and for any p. The weight spectral sequence (Er(KR,W ))r degenerates at E2 in
Mod(R)/τ . The Hodge spectral sequence (Er(K,F ))r degenerates at E1 in Mod(R⊗ C)/τ⊗C.
Proof. We have the following data within a torsion theory τ ′ smaller than τ : There exists a left
fraction
(K ′R⊗C,W )
(KR,W ) (KR⊗C,W, F )
✟✟
✟✟✯β1
❍❍
❍❍❨ β2
q˜i
with β1 a morphism in Mod(R)/τ ′ and β2 a quasi-isomorphism in Mod(R ⊗R C)/τ ′⊗C such that
β1 ⊗ 1C is a filtered quasi-isomorphism. If, r ≥ 1, the morphisms
Er(β1) : Er(KR,W )→ Er(K
′
R⊗C,W )(10)
Er(β1 ⊗ 1C) : Er(KR ⊗ C,W )→ Er(K
′
R⊗C,W )(11)
Er(β2) : Er(KR⊗C,W )→˜Er(K
′
R⊗C,W )(12)
define morphisms of spectral sequences
Er(β) = Er(β2)
−1 ◦ Er(β1)(13)
Er(βC) = Er(β2)
−1 ◦ Er(β1 ⊗ 1C)(14)
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Then Er(β1)⊗ 1C ≃ Er(β1⊗ 1C) is an isomorphism. Moreover the morphism of spectral sequences
(Er(β))r defines a real structure αr on Er(KR⊗C,W ) such that dr is real, for
dr ≃ (Er(β) ⊗ 1C)(dr ⊗ 1C) .
Note that the real structure induced on Er+1 ≃ H(Er) by Er is the same than its real structure.
The differential dr is compatible with the direct filtrations and their conjugates.
One reduces modulo τ : One obtains a real structure modulo τ on each term of the spectral
sequence, with dr real and compatible with the direct filtrations.
1) By hypothesis, Fd = Fd∗ = Frec and their conjugates define a Hodge structure modulo τ of
weight −p+(p+ q) = q on Ep,q1 (W ) = H
p+q(GrW−p) . But d1 is real and compatible with F so that
it is a morphism of Hodge structures in Mod(R)/τ . It is therefore strict for F in Mod(R⊗C)/τ⊗C.
2) Proposition (7.2.5) in [12] implies Fd = Fd∗ = Frec modulo τ ⊗ C on E2(W ). From [11]
(1.2.10), generalised in 2.7.3, the category of mixed Hodge structures in Mod(R)/τ is abelian.
Hence (Ep,q2 , α
p,q
2 , Frec) is a Hodge structure of weight q in Mod(R)/τ . The differential d2 is a mor-
phism of Hodge structures in Mod(R)/τ for it is real and compatible with Frec and its conjugate.
This implies that d2 is strict modulo τ ⊗ C. But d2 : E
p,q
2 → E
p+2,q−1
2 is a morphism of Hodge
structures of different weights. It must vanish.
An induction argument implies that dr = 0 if r ≥ 2.
3) One concludes from section (7.2) of [12]: The following sequence is exact for any 1 ≤ r ≤ +∞
and any p ∈ Z:
0→ Er(F
pK,W )→ Er(K,W )→ Er(K/F
pK,W )→ 0 ,
and the spectral sequence E(K,F ) degenerates at E1. 
Note that the abelian category Mod(R)/τ admits inductive limits and that the localisation
functor Mod(R) → Mod(R)/τ commutes with inductive limits ([25] prop. 9 p. 378). Hence, we
consider the categoryM(R)/τ of sheaves with values in Mod(R)/τ .
Definition 2.7.8. On a topological space X, a (τ ′, τ)−cohomological Hodge complex of weight m
(KR, (KR⊗C, F )) consists in
1) A bounded below complex KR in M(R)/τ ′ ,
2) A bounded below filtered complex (KR⊗C, F ) in M(R⊗ C)/τ ′⊗C,
3) A pseudo-morphism of bounded below complexes α : KR 99K KR⊗C (first comparison morphism)
in M(R)/τ ′ such that α⊗ Id : KR⊗C 99K KR⊗C is a pseudo-isomorphism in M(R⊗C)/τ ′⊗C and
RΓ(K) is a (τ ′, τ)−Hodge complex of weight m.
Definition 2.7.9. A (τ ′, τ)−cohomological mixed Hodge complex of sheaves
K = ((KR,W ); (KC, F,W ), β) is given by complexes of sheaves of N(G)/τ ′−modules and pseudo-
morphism β : (KR,W ) 99K (KC,W ) in that category, such that β ⊗ 1C is a quasi-isomorphism and
such that for all m ∈ Z, GrmWK is a (τ
′, τ)−cohomological Hodge complex of sheaves.
Definition 2.7.10. When τ ′ = (0,Mod(R)) is the trivial torsion theory, (KR, (KR⊗C, F )) (resp.
((KR,W ); (KC, F,W ), β)) is called a τ−cohomological Hodge complex of sheaves of weight m (resp.
a τ−cohomological mixed Hodge complex of sheaves).
In this article, we will mostly deal with τ ′ = (0,Mod(R)) the trivial torsion theory. Hence we
will use complexes of sheaves of N(G)−modules.
3. The Hodge to De Rham spectral sequence.
3.1. The local Hodge to De Rham spectral sequence. From now on, p : X˜ → X will be a
covering of a complex connected manifold X by a complex manifold X˜, not necessarily connected.
Let G be the group of covering transformations.
Definition 3.1.1. When G acts transitively, one says that p : X˜ → X is a G−covering.
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3.1.2. Sobolev spaces. (see [54] p. 511). Fix a hermitian (later Ka¨hler) metric on X and take its
pullback on X˜.
Let ΛkR := Λ
kT ∗R(X), Λ
k := ΛkR⊗C and Λ
p,q := ΛpT
∗(1,0)
C (X)⊗Λ
qT
∗(0,1)
C (X) be respectively the
bundles of real k-forms, of complex k−forms, and of bi-degree (p, q)−forms on X . Let AkR, A
k and
Ap,q be the associated sheaves of differential forms. Let (E, hE) be a hermitian complex vector
bundle on X (or a riemannian real vector bundle). Let (E˜, hE˜) be its pullback by p.
Definition 3.1.3. We define the following classical spaces of sections of E˜, following [54] §. 3:
1) The Hilbert space of square integrable sections (L2(X˜, E˜), ||.||L2(X˜,E˜)).
2) The Frechet space of smooth sections with compact support C∞c (X˜, E˜).
3) The space of distributional sections D′(X˜, E˜).
4) The Sobolev space Sj(X˜, E˜), j ∈ N, is the space of u ∈ D′(X˜, E˜) such that ∀ 0 ≤ i ≤ j, ∇˜iu ∈
L2(X˜, E˜) (with ∇ a connection on E). Then ||u||2
Sj(X˜,E˜)
:=
∑
0≤i≤j
||∇˜iu||2
L2(X˜,E˜)
.
5) Denote also S+∞(X˜, E˜) = ∩j∈NS
j(X˜, E˜).
3.1.4. Local Sobolev spaces uniform with respect to p. Let U be an open subset in X . Let j ∈
N ∪ {+∞}. Define the local Sobolev space uniform with respect to p∗(2)S
j
loc(U,E) as the set
{α ∈ D′(p−1(U), E˜), ∀θ ∈ C∞c (U), (θ ◦ p)α ∈ S
j(X˜, E˜)}.
3.1.5. Sheaf of uniform Sobolev spaces. Let j ∈ N∪{+∞}, let p∗(2)S
jAp,q(E) be the sheaf on X as-
sociated to the presheaf U → p∗(2)S
j
loc(U,Λ
p,q⊗E˜) and set p∗(2)S
jAn(E) = ⊕p+q=np∗(2)S
jAp,q(E).
Let D : C∞(X,E) → C∞(X,E′) be a differential operator on X acting on hermitian vector
bundles. Let L2(p−1(U), E˜) ∩ Dom(D) be the space of square summable sections α such that
Dα is square summable. Let p∗(2)(E ∩ Dom(D)) be the sheaf generated by the presheaf U →
[L2(p−1(U), E˜) ∩Dom(D)].
Note that the above sheaves do not depend on the smooth metrics on X and E and that these
are sheaves of N (G)−modules.
Let p∗(2)S
jAkR be the sheaf of N (G,R)−modules on X associated to the presheaf of real forms
U → p∗(2)S
j
loc(U,Λ
k
R).
Lemma 3.1.6.
1) The complex (p∗(2)Ω
., d) is a N (G)−resolution of p∗(2)C.
2) Let k ∈ N∪{+∞}. Then (p∗(2)S
k−.A.R, d) is a N (G,R)−resolution of p∗(2)R and (p∗(2)S
k−.A., d)
is a N (G)−resolution of p∗(2)C.
3) The sheaf p∗(2)S
jAp,q ≃ p∗(2)S
jA0 ⊗A A
p,q is a fine N (G)−sheaf.
Lemma 3.1.7. Let k ∈ N, k ≥ n. Let F be the Hodge filtration.
1) The morphism (p∗(2)Ω
., d, F )→ (p∗(2)S
k−.A., d, F ) is a filtered quasi-isomorphism.
2) The following complex of N (G)−sheaves is exact:
0→ p∗(2)Ω
p i→ p∗(2)S
kAp,0
∂
→ p∗(2)S
k−1Ap,1
∂
→ . . .→ p∗(2)S
k−nAp,n → 0 .
Proof. One notes that (2) is equivalent to (1) for GrpF (p∗(2)S
k−.A., d, F ) is the Dolbeault complex
(p∗(2)S
k−1Ap,1, ∂). One will proves the more general fact that
(p∗(2)Ω
., d, F )→ (p∗(2)S
k−.A., d, F )→ (p∗(2)A
. ∩Dom(d), F, d)
are filtered quasi-isomorphism. Indeed the E1−term of the spectral sequence of the third complex
is
p∗(2)A
p,q ∩Dom(d) ∩Ker(∂)
∂(p∗(2)Ap,q−1 ∩Dom(d))
. The assertions are local over the base manifold X . One may work
over an open chart U of X which is biholomorphic to some ball B(0, 2) in Cn. Let x be the center
of the chart. Then the covering p−1(U) → U is isomorphic to U × p−1(x) → U . The standard
estimates for the resolution of the ∂−operator on a strictly pseudoconvex domains will implies the
lemma. Let f be a (p, q)−form, q ≥ 1, on the strictly pseudoconvex domain U ⊂⊂ Cn which
belongs to Dom(d) ∩Ker(∂) ⊂ Ker(∂). Then f ∈ Dom(∂). Let N : L2(U,Λp,q)→ L2(U,Λp,q) be
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the (bounded) ∂−Neuman operator (see [56] p. 280-282) so that Ran(N) ⊂ Dom(∂∂
∗
+ ∂
∗
∂) and
f = ∂∂
∗
Nf + ∂
∗
∂Nf . The last term is vanishing for ∂N = N∂ on Dom(∂). Then f = ∂(∂
∗
Nf)
and f ∈ Hsloc(U) implies (∂
∗
Nf) ∈ L2(U,Λp,q), Nf ∈ Hs+2loc (U) (usual Sobolev space in euclidian
space). Hence if U1 ⊂⊂ U , the map H
s(U) ∩ Ker(∂)L2(U,Λp,q) ∋ f 7→ ∂
∗
Nf ∈ Hs+1(U1) is
continuous.
Let B(0, 1) ≃ U1 ⊂⊂ U . Let α ∈ (p∗(2)A
p,q ∩ Dom(d) ∩ Ker(∂))(U), q ≥ 1, which belongs
to p∗(2)S
sAp,q2 (U) for some s ≥ 0. Then β = (∂
∗
Nα|U1×{y})y∈p−1(x) ∈ [L
2(p−1(U1) ∩ Dom(∂)] ∩
p∗(2)S
s+1Ap,q−1(U1) is such that ∂β = α|U1 . This proves that
0→ p∗(2)Ω
p i→ p∗(2)(A
p,0 ∩Dom(d))
∂
→ p∗(2)(A
p,1 ∩Dom(d))
∂
→ . . .→ p∗(2)(A
p,n ∩Dom(d))→ 0
and
0→ p∗(2)Ω
p i→ p∗(2)S
kAp,0
∂
→ p∗(2)S
k−1Ap,1
∂
→ . . .→ p∗(2)S
k−nAp,n → 0
are exacts. Hence (p∗(2)S
k−.A., d, F ) → (p∗(2)A
. ∩ Dom(d), F, d) is a filtered quasi-isomorphism.

3.2. The Global Hodge to De Rham spectral sequence.
3.2.1. Global Sobolev spaces. We assume now that X is a hermitian manifold of bounded geometry
([53] Appendix 1). An example is a covering of a compact hermitian manifold.
Let E be a uniformly bounded hermitian vector bundle on X (loc. cit.), then the smooth
sections with compact support are dense in the Sobolev space Sm(X˜, E˜) (m ∈ N). Moreover
any C∞−bounded uniformly elliptic differential operator is essentially self-adjoint ([53] prop. 4.1).
Hence A := (1 + ∆)
1
2 : L2(X˜,⊕pΛ
p) → L2(X˜,⊕pΛ
p) (defined through the functionnal calculus)
defines the isomorphisms Am : Sk(X˜,⊕pΛ
p) → Sk−m(X˜,⊕pΛ
p) (see e.g. Roe [46] th.5.5). From
the (non unitary) isomorphisms
(Sj(X˜,⊕pΛ
p), ||.||Sj(X˜,⊕pΛp))
≃
→ (D(Aj), ||Aj .||L2(X˜,⊕pΛp))
define a new Sobolev norm by ||α||j = ||A
jα||L2(X˜,⊕pΛp).
If j ≥ 1, let
d : (Sj(X˜,Λp), ||.||j) → (S
j−1(X˜,Λp+1), ||.||j−1)
∂ := ∂q : (S
j(X˜,Λp,q), ||.||j) → (S
j−1(X˜,Λp,q+1), ||.||j−1)
be the bounded operators induced by the differentials d and ∂. Then
Ak : (Sj(X˜,Λ.), ||.||j)→ (S
j−k(X˜,Λ.), ||.||j−k) is an isometric isomorphism and operators ∂, ∂ and
A commute if the metric is Ka¨hler.
3.2.2. The Hodge to De Rham spectral sequence is the spectral sequence for the filtered complex
(S, F ) = (Sk−.(X˜,Λ.), d, F ). Then F pSk−r(X˜,Λr) = ⊕p′+q=r, p′≥p S
k−(p′+q)(X˜, Λp
′,q). Hence,
(Ep,q0 (S, F ), d0) ≃N(G) (S
k−p−q(X˜,Λp,q), ∂) and the Kodaira’s decomposition ([54] p. 499) reads
(Ep,q1 (S, F ), d1) ≃N(G,C)
Ker(∂q)
Im(∂q−1)
≃N(G,C)
Hp,q
∂
(X˜)⊕ Im(∂q−1)
Im(∂q−1)
≃N(G,C) H
p,q
∂(2)
(X˜)⊕
Im(∂q−1)
Im(∂q−1)
.
3.3. The degenerescence of the Hodge to De Rham spectral sequence. Let H.d(2)(X˜) be
the space of square integrable ∆d−harmonic forms and H
p,q
∂(2)
(X˜) be the space of square integrable
∆∂− harmonic (p, q)−forms. Let (H
.
d(2)(X˜), F ) be the complex with trivial differential, and Hodge
filtration. Assume the metric is Ka¨hler. Then for all r ≥ 0,
Ep,q0 (H
.
d(2)(X˜), F ) = H
p,q
∂(2)
(X˜) = Ep,qr (H
.
d(2)(X˜), F ) .
Lemma 3.3.1. Assume the metric is Ka¨hler and of bounded geometry. Let Hp,q
∂(2)
(X˜) be the
space of square integrable harmonic (p, q)−forms. Fix an integer k greater than dimRX. Let
Hp,q
∂(2)
(X˜) := Hq((Sk−.(X˜,Λp,.), ∂)). Let τ be a torsion theory such that Hp,q
∂(2)
(X˜)→ Hp,q
∂(2)
(X˜) is
an isomorphism in Mod(N(G,C))/τ . Then:
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i) The spectral sequence for (S, F ) = (Sk−.(X˜,Λ.), d, F ) degenerates at E1 in Mod(N(G,C))/τ . The
differential d is strictly compatible with F in Mod(N(G,C))/τ .
ii) Ep,q1 (S, F ) ≃ E
p,q
∞ (S, F ) ≃ H
p,q
∂(2)
(X˜) in Mod(N(G,C))/τ .
Proof.
i) Note that i : (H.d(2)(X˜), F )→ (S
k−.(X˜,Λ.), d, F ) is a morphism of filtered N(G)−modules. Let
τ be a torsion theory on N(G) such that E1(i) is an isomorphism in Mod(N(G))/τ . Then Er(i)
is an isomorphism for any r ≥ 1. But the spectral sequence of (H.d(2)(X˜), F ) degenerates so that
the spectral sequence for (Sk−.(X˜,Λ.), d, F ) degenerates at E1 in Mod(N(G))/τ .
ii) The assertion follows for (Ep,q1 (S, F ), d1) ≃N(G,C) H
p,q
∂(2)
(X˜)⊕
Im(∂q−1)
Im(∂q−1)
. 
Definition 3.3.2. The torsion theory generated by C = {Coker(Hp,q
∂(2)
→ Hp,q
∂(2)
), p, q ≥ 0 } is the
smallest torsion theory on Mod(N(G)) which satisfies the above lemma. Let τ∂ (or τ∂,X˜) be the
torsion theory it defines on Mod(N(G)).
Remark 3.3.3. The use of the unitary isometry Am between various Sobolev spaces proves that
the torsion theory τ∂ does not depend on the order k in the Sobolev complex (S
k−.(X˜,Λ.), d, F ).
Moreover, following Bruning Lesch [7] Th. 2.12 (smoothing of cohomology), it can be shown
that the torsion theory τ∂ is indeed an invariant of the elliptic complex (C
∞
0 (X˜,⊕pΛ
p), d) and the
complete Ka¨hler metric.
3.4. The case of a compact Ka¨hler manifold X.
Lemma 3.4.1. Let X be a compact complex hermitian manifold and let E be a hermitian vector
bundle. Then Γ(X, p∗(2)S
jAp,q(E)) = Sj(X˜,Λp,q ⊗ E˜).
Definition 3.4.2 ([54] prop 1.13, [37] chap. 1). A bounded complex (L., d.) of Hilbert G−modules
is G−Fredholm if ⊕idi : ⊕iLi → ⊕iLi is G−Fredholm (see 2.2.13).
In the following lemma, the manifold X˜ is not necessarily connected.
Lemma 3.4.3 (Atiyah [2], see also [54], [37]). Let X˜ → X˜/G = X be a G−covering of a compact
complex manifold (see 3.1.1). Then the complexes of Hilbert modules
(Sk−.(X˜, Λp,.), ∂) and (Sk−.(X˜,Λ.), d)
are G−Fredholm.
Corollary 3.4.4. With the same hypothesis,
1) The N(G)−module Im(∂q)/Im(∂q) is a dimN(G)−torsion module.
2) ∀x ∈ Im(∂q), there exists r ∈ N(G) such that ker(r) = 0 and rx ∈ Im(∂q). Therefore
U(G)⊗N(G)
Im(∂q)
Im(∂q)
= 0 .
Proof.
1) Lemma 2.12 of [54] implies that h = ∂q : H1 = Im(∂
∗
q+1)→ H2 = Im(∂q) is G−Fredholm, hence
lemma 1.15 of [54] implies that Im(h) is G−dense in its closure: ∀ǫ > 0, there exists Lǫ ⊂ Im(h), a
closed G−invariant subspace, such that dimN(G)Im(h)
H2
⊖ Lǫ ≤ ǫ. In this example, we may take
Lǫ := Im(∂ ◦ 1[ηǫ,+∞[(∆∂)) (functional calculus) with ηǫ > 0 small enough.
This is equivalent to dimN(G)Im(h) = dimN(G)Im(h) hence dimN(G)
Im(h)
Im(h)
= 0.
2) Apply the lemma 2.2.16. 
Analogue proof holds for an elliptic complex of vector bundles:
Theorem 3.4.5. Let X˜ → X˜/G = X be a G−cover of a compact complex manifold. Let (E., d.)
be an elliptic complex (d. is a differential operator of order one) between vector bundles on X. Let
(Sj−.(X˜, E˜.), d.) be the associated Sobolev complex on p : X˜ → X.
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1) The complex (Sj−.(X˜, E˜.), d) is G−Fredholm.
2) The module
Im(d)
Im(d)
is of G−dimension zero and U(G)⊗N(G)
Im(d)
Im(d)
= 0.
This implies that if d : L2(X˜, E) → L2(X˜, F ) acts as an unbounded elliptic operator, then
U(G)⊗
Im(d)
Im(d)
= 0: One uses conjugation by (1+ d∗d)−1 and (1+ dd∗)−1. One may also considers
currents in negative Sobolev scale (e.g. Dirac mesure on a point).
Corollary 3.4.6 (A ∂∂−lemma). Let p : X˜ → (X,ω) be a G−covering of a compact Ka¨hler
manifold. Let α be a d−closed square integrable (p, q)−form on X˜ which is orthogonal to the
harmonic forms. Then there exists a weak isomorphism r ∈ N(G), there exists a square integrable
form γ on X˜ such that rα = ∂∂γ.
Proof. Above corollary implies that there exists a weak isomorphism r ∈ N(G) and γ1 ∈ Im∂,
γ2 ∈ Im∂
∗
such that rα = ∂(γ1 + γ2). Then there exists a weak isomorphism r
′ such that
r′γ1 = ∂γ3 and r
′γ2 = ∂
∗
γ4. Hence r
′rγ − ∂∂γ3 = ∂∂
∗
γ4 is ∂−closed. But the metric is Ka¨hler,
hence ∂∗∂ = ∂∂∗. Therefore ∂∂
∗
γ4 ∈ Ker(∂) ∩Ker(∂)
⊥ is vanishing. 
The combination of sheaf theory and torsion theory enables to recover a result of Dodziuk
[16] in the case of Hermitian manifold. Standard sheaf theory proves that unreduced De Rham
l2−cohomology groups and unreduced simplicial l2−cohomology groups are isomorphic. The use
of torsion theory is needed to provide an isomorphism between the reduced cohomology groups.
Corollary 3.4.7. Let p : X˜ → X˜/G = X be a G−covering. Then the combinatorial reduced
l2−cohomology and the analytical reduced l2− cohomology are isomorphic in N(G)/τdim .
Proof. Let f : K → X be a C1−triangulation of X ([62]): K is a rectilinear complex in some
euclidian space and f is a C1−map which is a homeomorphism. In what follows, we identify K
and M .
Let K ′ be the first barycentric subdivision of K ([36], [51]). Let v ∈ K0 be a vertex in K.
Let Fv = St(v,K
′) be the closed star of v in K ′. The set Fv0 ∩ . . . ∩ Fvk is non empty if and
only if [v0, . . . , vk] is a simplexe of K. Hence the simplicial complex defined by the nerve of the
closed coveringM = {Fv, v a vertex of K} is identified with K. the simplicial complex of K. Let
S = [v0, . . . , vk] ∈ Kk be a k−dimensional simplex of K. Define FS := Fv0 ∩ . . . ∩ Fvk . Then
FS = S
∗ is equal to the dual cell of [v0, . . . , vk] (which is homeomorphic to a (n− k)−closed ball).
If F is a sheaf on X , let (C.(M,F), δ) be the differential sheaf U → ΠS∈K.F(FS∩U) ([26] II.5.2).
Then (C.(M, p∗(2)C), δ) is a resolution of p∗(2)C, (C
.(M, p∗(2)C), δ)→ (C
.(M, p∗(2)S
k−.A.), δ + d)
and (p∗(2)S
k−.A., d)→ (C.(M, p∗(2)S
k−.A.), δ+d) are quasi-isomorphisms ofN (G)−sheaves. Each
term in theses complexes are Γ(X, .)−acyclic for FS is contractible and p∗(2)C is locally constant;
and the sheaves p∗(2)S
k−.A. are fine. Hence ([26] II.5.2):
Hk(X, p∗(2)C) ≃ H
k
δ (Γ(X, C
.(M, p∗(2)C))) ≃ H
k
d(2)(X˜) .
Let (K˜., δ), K˜
′ be the pullback simplicial structures, and define F˜S˜ := F˜v˜0 ∩ . . . ∩ F˜v˜k . Then
F˜S˜ = S˜
∗ is equal to the dual cell of S˜. Hence
Hkδ (Γ(X, C
.(M, p∗(2)C))) ≃N(G) H
k(HomC[G](C.(K˜.), l
2(G)))
(we use the right C[G]−module structure in K˜. and the N(G) − C[G]−bi-module structure in
l2(G)). The reduction with respect to the torsion dimension τdim gives the result, for the modules
Im(d)
Im(d)
defined by the combinatorial differential (see 2.5.3) or analytical differential (see above)
have N(G)−dimension zero. 
Note that Dodziuk proves that the isomorphism is given by integration of harmonic forms on
the cells of a pull back of a triangulation.
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3.5. Pure Hodge structures.
Theorem 3.5.1. Let X be a connected Hermitian manifold and p : X˜ → X be a covering, not
necessarily connected, with covering transformations group G. Let k ≥ n = dimCX.
1) i) The morphism ((p∗(2)Ω
., d), F ) → ((p∗(2)S
k−.A., d), F ) is a filtered quasi-isomorphism of
N (G)−sheaves such that GrF p∗(2)S
k−.A. is Γ−acyclic.
ii) The morphism (p∗(2)Ω
., d) → (p∗(2)S
k−.A., d) is a quasi-isomorphism of N (G)−sheaves. It de-
fines a real structure on H(X, (p∗(2)Ω
., d)) compatible with the real structure given by the Godement
resolution and the pseudo-isomorphism (2.7.1) C.(p∗(2)C) 99K (p∗(2)Ω
., d).
2) Assume the manifold X is compact. Then the Fro¨licher spectral sequence
Hq(X, p∗(2)Ω
p)⇒ Hp+q(X, (p∗(2)Ω
., d)) ≃N(G,C) H
p+q(X, p∗(2)C) ,
is isomorphic to the Hodge to De Rham spectral sequence Hp,q
∂(2)
(X˜)⇒ Hp+qd(2)(X˜) (see 3.2.2).
3) Assume the manifold X is a compact Ka¨hler manifold. Let τ be a torsion theory on Mod(N(G))
greater than τ∂ . Then the Fro¨licher spectral sequence degenerates in Mod(N(G))/τ . Hence d is
strict for F in Mod(N(G))/τ :
GrpFH
p+q(X, p∗(2)C) ≃Mod(N(G))/τ H
q(X, p∗(2)Ω
p) .
4) Assume moreover that τ is real. Then the Hodge filtration on the hypercohomology
F .H(X, p∗(2)Ω
.) := Im(H(X,F .p∗(2)Ω
.) → H(X, (p∗(2)Ω
., d))) and its complex conjugate F¯ are
k−opposed on Hk(X, p∗(2)Ω
.) in Mod(N(G))/τ . It defines a pure Hodge structure of weight k on
Hk(X, p∗(2)R) in Mod(N(G))/τ (see definition 2.7.2).
Proof.
1) i) was proved in lemma 3.1.7.
ii) (p∗(2)Ω
., d) → (p∗(2)S
k−.A., d) is a quasi-isomorphism for p∗(2)C → (p∗(2)Ω
., d) and p∗(2)C →
(p∗(2)S
k−.A., d) are resolutions. But (A.C, d) = (A
.
R, d)⊗Z C and the following diagram is commu-
tative:
p∗(2)R (p∗(2)Ω
., d)
(p∗(2)S
k−.A.R, d) (p∗(2)S
k−.A.C, d)
✲
❄ ❄
✲
(2) Sheaves p∗(2)S
k−.A.R and p∗(2)S
k−.A.C are Γ(X, .)−acyclic and Γ(X, p∗(2)S
jA.) = Sj(X˜,Λ.) for
X is compact. Hence H.(X, p∗(2)Ω
.) ≃N(G) H
.(Sk−.(X˜,Λ.), d).
Note that p∗(2)S
jAp,q→˜GrpF (p∗(2)S
jAp+q) is Γ(X, .)−acyclic. Hence the spectral sequence for
(H.(X, p∗(2)Ω
.), F ) is (isomorphic) given by the spectral sequence of N(G)−modules
Hp+q(Sk−.(X˜,Λ.), d)⇐ Ep,q1 = H
q(Sk−.−p(X˜, Λ(p,.), ∂)) .
3) From lemma 3.3.1, the above spectral sequence degenerates in Mod(N(G))/τ and H
(i,n−i)
d(2) (X˜)→
E
(i,n−i)
1 ≃ E
(i,n−i)
∞ is an isomorphism. Hence ⊕i≥pH
(i,n−i)
d(2) (X˜)→ F
pHn(X, p∗(2)C) is an isomor-
phism.
4) If moreover τ is real then ⊕i≥qH
(i,n−i)
d(2) (X˜) = ⊕i≥qH
(n−i,i)
d(2) (X˜) → F¯
qHn(X, p∗(2)C) (2.4.16) is
also an isomorphism. From [11] (1.2.4), we conclude that in Mod(N(G))/τ , the filtrations F and
F¯ on Hn(X, p∗(2)C) are n−opposed. 
Example 3.5.2.
1) Let α : p∗(2)R → (p∗(2)Ω
., d.) be the natural map. We have seen that (p∗(2)R, (p∗(2)Ω
., F ), α) is
a CHC of sheaves of weight 0 (2.7.8) modulo τdim when G is Galois, or γ
∗τ∂ (2.4.9) in general.
In the following diagram, the maps RΓ(i) (Hodge to De Rham) and m (Γ−acyclic sheaves) are
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filtered quasi-isomorphisms.
RΓ(p∗(2)R) RΓ(p∗(2)Ω
., F ) RΓ(p∗(2)S
k−.A., d, F )
Γ(p∗(2)S
k−.A., d, F )
✲RΓ(α) ✲RΓ(i)
✻
m
Therefore if r ≥ 1,
Er(m,F )
−1 ◦ Er(RΓ(i), F ) : Er(RΓ(p∗(2)Ω
., F ))→ Er(Γ(S
k−.A., d, F ))
defines an isomorphism of spectral sequences. The second degenerates modulo τdim when G is
Galois (E1 ≃ E∞ in Mod(N(G))/τdim).
1bis) Let τ be a torsion theory such that (p∗(2)R, (p∗(2)Ω
., F ), α) is a CHC of sheaves of weight 0
modulo τ . Let k,m ∈ Z. One checks that ((2iπ)kZ⊗p∗(2)R[m], (p∗(2)Ω
.[m], F [k+m]), α[m].(2iπ)k),
where F [k]p := F p+k is the filtration shifted k−steps to the left, is a CHC of sheaves of weight
m− 2k modulo τ . Note the new conjugation induced by α(2iπ)k is (−1)k times the original one.
2) Assume that X˜ → X is such that each connected component X˜i of X˜ is compact and G is
transitive on fibers. Let Gi be the stabiliser of X˜i and let pi be the restriction of p to Xi.
Then d and ∂ have closed ranges. Indeed
Sk(X˜, Λp) ∋ α 7→ (g 7→ g∗α|X˜i) ∈ l
2(G,Sk(X˜i, Λ
p))Gi
is a G−equivariant isometric isomorphism which commutes with d and ∂. But the functor of
invariant with respect to Gi is exact on Q[Gi]−modules, hence H
k
(2)(X˜) ≃ l
2(G,Hk(X˜i))
Gi . The
cohomology is reduced, and the Hodge structure is isomorphic to that of X˜i twisted by that of
l2(G,C).
If F is a sheaf for which p∗(2)F is defined then the l
2−cohomology is separated and
Hk(2)(X, p∗(2)F) ≃N(G) l
2(G,Hk(Xi, p
∗
iF))
Gi
and
dimN(G)l
2(G,Hk(Xi, p
∗
iF))
Gi =
dimCH
k(Xi, p
∗
iF)
|Gi|
.
3.6. Addendum: Smoothing of cohomology. It is well known that the cohomology of currents
is isomorphic to the cohomology of smooth forms. Here we impose moreover that forms are square
integrable in the fiber of p.
Lemma 3.6.1.
1) Let U be some open set in X. Then H .(Γ(U, p∗(2)S
∞A.), d) → H .(Γ(U, p∗(2)S
k−.A.), d) is an
isomorphism.
2) Assume that X is a Ka¨hler manifold of bounded geometry. Then for any closed l−form α in
Dom[(1 + ∆)
r
2 ] on X˜, there exists (β, γ) ∈ Sr−1(X˜,Λl−1)× S∞(X˜, Λl) such that α = dβ + γ.
Proof.
1) Note that (p∗(2)S
∞A., d)→ (p∗(2)S
k−.A., d) is a quasi-isomorphism. The result follows for theses
sheaves are flabby.
2) This follows from [7] th.2.12 and (3.2.1) above. 
We refer to [7] th.2.12 or th.3.5 for more general results on smoothing of cohomology in Hilbert
complexes.
3.7. An application: Mixed Hodge structure on the l2−cohomology of a covering of a
normal crossing divisor. Let Y = Y1∪. . .∪Yp be a compact normal crossing divisor in a smooth
Ka¨hler manifold. Let p : Y˜ → Y be a covering of Y . It induces covering maps p := pq : Y˜q → Yq
with Yq = ⊔i0<...<iqYi0 ∩ . . . ∩ Yiq .
A classical generalisation of the Mayer-Vietoris argument relates the cohomology of Y in any
coefficient systems to the cohomology of the subspace Yq. This defines a mixed Hodge structure on
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H .(Y, p∗(2)C) in Mod(N(G))/τ for each H
.(Yq , p∗(2)C) carries a Hodge structure in Mod(N(G))/τ ,
if τ is big enough:
3.7.1. We follow the notations of [20] section 3.5. Let 0 ≤ j ≤ q and consider an increasing
sequence of integers 1 ≤ i0 < . . . < iq ≤ p. The natural injections ∩0≤k≤qYik → ∩0≤k≤q, k 6=qYik
define a closed immersion λj,q : Yq → Yq−1. Let Π := Πq : Yq → Y be the canonical projection.
The map λj,q induces the morphism λ
∗(2)
j,q : Π∗(pq−1)∗(2)FYq−1 → Π∗(pq)∗(2)FYq of sheaves over
Y , with FYq one of the sheaf CYq , RYq or Ω
.
Yq . One defines a boundary map δ
∗(2)
q−1 =
∑
j∈[0,q]
(−1)jλ
∗(2)
j,q .
Let (Π∗p∗(2)RY. , δ
∗(2)
. ,W.) be the complex of sheaves with increasing weight filtration
W−q(Π∗(p.)∗(2)RY.) = σ.≥qΠ∗(p.)∗(2)RY. .
Let s(p∗(2)Ω
.
Y..) be the single complex associated to the double complex of sheaves defined by
p∗(2)Ω
p
Yq
= Π∗pq∗(2)Ω
p
Yq
and differential d+ δ∗(2)q .
The weight filtration on s(p∗(2)Ω
.
Y..) is the opposite of the filtration by the second index:
W−qs(p∗(2)Ω
.
Y..) = s(σ..≥qp∗(2)Ω
.
Y..).
The Hodge filtration corresponds to the filtration by the first index:
F ps(p∗(2)Ω
.
Y..) = s(σ..≥qp∗(2)Ω
.
Y..). Let i be the morphisms of sheaves induced by i : R→ O.
Theorem 3.7.2. Let τ be a real torsion theory on Mod(N(G)) such that for any q, τ is greater
than τ∂Yq
.
1) Then (RΓ(Y, p∗(2)R), (RΓ(Y,Π∗p.∗(2)RY.),W ), (RΓ(Y, s(p∗(2)Ω
.
Y.),W, F ), RΓ(i)) is a τ−mixed
Hodge complex.
2) The weight spectral sequence Hp(Yq, pq∗(2)CYq )⇒ H
p+q(Y, p∗(2)C) with differential d
p,−q
1 = δ
∗(2)
q
is a spectral sequence of Hodge structures in Mod(N(G))/τ and degenerates at E2.
The Hodge spectral sequence Hq(Y, (Π∗p.∗(2)Ω
p
Y.
, δ)) ⇒ Hp+q(Y, p∗(2)C) degenerates at E1. Hence
Hn(Y, F ps(p∗(2)Ω
.
Y..))→ H
n(Y, s(p∗(2)Ω
.
Y..)) is a monomorphism in Mod(N(G))/τ .
3) The filtration W [n]. =W.−n such that
W [n].H
n(Y, p∗(2)C) = Im(H
n(Y, (σ..≥n−.p∗(2)CY.. , δ))→ H
n(Y, p∗(2)C)) and
F .Hn(Y, p∗(2)C) ≃ H
n(Y, s(σ.≥pp∗(2)Ω
.
Y..)) induces a mixed Hodge structure on H
n(Y, p∗(2)C) in
Mod(N(G))/τ .
Proof. This is a consequence of the theorem 2.7.7 and general theorems on cohomological mixed
Hodge complexes (see [12], [44] Th.3.18 I) and II)):
Let KY := ((p∗(2)R, (Π∗p.∗(2)RY. ,W ), (s(p∗(2)Ω
.
Y..),W, F ), i). The complex of sheaves
(Π∗p∗(2)CY. , δ
∗(2)
. ) is a resolution of p∗(2)C for it is isomorphic to the usual Mayer-Vietoris res-
olution of Y ([20] 3.5.4) tensorised by the locally constant sheaf p∗(2)C. Theorem 3.5.1 implies
that (RΓ(Y,GrW−qKY ), F ) is a τ−Hodge complex of weight −q such that H
nRΓ(Y,GrW−qKY ) ≃
Hn−q(Yq, p∗(2)C). But i ⊗ 1C is a quasi-isomorphism. Hence KY is a τ−cohomological Hodge
complex of sheaves and (RΓ(Y, p∗(2)R), (RΓ(Y,Π∗p.∗(2)RY.),W ), (RΓ(Y, s(p∗(2)Ω
.
Y.),W, F ), RΓ(i))
is a τ−mixed Hodge complex. 
Example 3.7.3. Assume the irreducible components of p−1(Y ) are compact. Then τ may be the
trivial torsion theory.
4. Mixed Hodge structures on the complement of a normal crossing divisor.
We follow now the strategy of Deligne [11] to put a mixed Hodge structure on the l2−cohomology
groups associated to p : X˜ \ p−1(D)→ X \D.
In section 4.1, we prove that the Leray spectral sequence which abuts to H .(X \ D, p∗(2)C) is
isomorphic to the weight spectral sequence associated to the complex of square integrable forms
with logarithmic singularity along the pullback of D.
In section 4.2, we use the existence of the Hodge structure modτ on the l2−cohomology of the
compact manifolds X , Di, Di ∩Dj , . . . as it was developed in the previous section. We prove that
the weight spectral sequence is a spectral sequence of Hodge structures modτ which degenerates
at E2.
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In section 4.4, we give a description of the first page in the weight spectral sequence in term of
the homology associated to the l2−Gysin morphisms of the inclusions . . .→ Di ∩Dj → Di → X .
Section 5.1 will provide additional informations.
4.1. Local setting. We refer to [11] and [44] Chap. 4. for this section. Let X be a complex
manifold and D ⊂ X be a normal crossing divisor. Let j : U = X \ D → X be the injection.
Let Ω.X(logD) be the OX−subsheaf of j∗Ω
.
U of meromorphic forms with logarithmic poles on D:
α ∈ ΩpX(logD) if α and dα := j∗dj
∗α have pole of order at most one on D. Let (z) : V →
D(0, 1)n be a holomorphic chart centered at x ∈ X such that D ∩ V = {z1. . . . .zk = 0}. Then
dz1
z1
, . . . ,
dzk
zk
, dzk+1, . . . , dzn is a free basis of Ω
1
X(logD)x and Ω
p
X(logD) = ∧
pΩ1X(logD) is a locally
free OX−sheaf.
Let (Λ.{
dz1
z1
, . . . ,
dzk
zk
}) be the free antisymetric C−algebra built on
dz1
z1
, . . . ,
dzk
zk
. The weight
filtration W is defined by
WmΩ
p
X(logD) =

0 for m < 0
Ωp−mX ∧ Ω
m
X(logD) for 0 ≤ m ≤ p
ΩpX(logD) for p ≤ m
4.1.1. Residues. Let D = ∪t∈TDt be the decomposition of D into smooth irreducible components.
If I is a subset of T , let aI : DI = ∩t∈IDt → X be the natural injection. Let m ∈ N \ {0}. Then
set Dm = ⊔|I|=mDI and am = ⊔|I|=maI . Define D∅ = D0 = X , a∅ = a0 = Id. Let t ∈ T . The
residu map
Rest = ResDt : Ω
.
X(logD)→ (at)∗Ω
.−1
Dt
(log(Dt ∩ (
∑
j 6=t
Dj))
is defined in a coordinate neighborhood (U, (z)): ResDt(η ∧
dzi
zi
+ η′) = η|Dt if Dt ∩ U = {zi = 0}
and η and η′ do not contain
dzi
zi
. Then ResDt is OX−linear and commutes with d.
Let I = (t1, . . . , tk) be an ordered k−tuple. Define
ResI = Rest1 ◦ . . . ◦Restk : Ω
.
X(logD)→ (aI)∗Ω
.−m
DI
(logDI ∩ (
∑
j 6∈I
Dj))
Then ResI is OX−linear and commutes with d. Let Λ
.T be the free antisymetric C−algebra on
T . We still denote by Λ.T the constant sheaf on X it defines. Let I ∈ T k, set ΛIt := t1 ∧ . . . ∧ tk.
Let I be a k−tuples of distincts elements and J = σ(I) be a permutation of I. Then
∧It⊗ResI = ∧
J t⊗ResJ
for Resσ(I) = ǫ(σ)ResI with ǫ(σ) the signature of σ. If I = (t1, . . . , tl) ∈ T
l, set {I} =
{t1, . . . , tl} ⊂ T . Then if ♯{I} = l, there is a well-defined map
Res{I} := ∧
It⊗ResI : Ω
.
X(logD)→ (aI)∗Ω
.−l
DI
(LogDI ∩ (
∑
j 6∈I
Dj))⊗ Λ
lT .
One sets Resm = ⊕|{I}|=mRes{I}.
Choice of an ordering on T gives a trivialisation Resm ≃ ⊕t1<...<tmRes(t1,...,tm) . From [11]
3.1.5.2, the map
Resm : (Gr
W
m Ω
.
X(logD), d)→ (am)∗(Ω
.−m
Dm
, d)⊗ ΛmT(15)
is an isomorphism of complexes.
Let p : X˜ → X be a covering. If f : Y → X is a continuous map, let f∗p : Y˜ → Y be the
induced covering.
Lemma 4.1.2. The residu morphism Resm induces an isomorphism
p∗(2)Resm : (Gr
W
m p∗(2)Ω
.
X(logD), d)→ (am)∗((a
∗
mp)∗(2)Ω
.−m
Dm
, d)⊗ ΛmT .
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Proof. From [8], the functor p∗(2) is exact from the category of coherent sheaves of O−modules to
the category of sheaves on X . Moreover the natural map p∗(2)(am)∗Ω
.−m
Dm
→ (am)∗(a
∗
mp)∗(2)Ω
.−m
Dm
is an isomorphism ([8] prop. 2.9). Therefore (15) implies that
0→ (p∗(2)Wm−1Ω
.
X(logD), d)→ (p∗(2)WmΩ
.
X(logD), d)→ (am)∗((a
∗
mp)∗(2)Ω
.−m
Dm
, d)⊗ ΛmT → 0
is exact. A computation in a local chart prove that the last maps define a map of differential
complexes. 
From lemma 2.6.5, the following complexes are well defined (see 2.7.1 for the τ≤−filtration).
Proposition 4.1.3.
1) The maps of filtered complexes
(p∗(2)Ω
.
X(logD),W, d)
α
← (p∗(2)Ω
.
X(logD), τ≤, d)
β
→ (j∗(j
∗p)∗(2)Ω
.
X\D, τ≤, d)(16)
are filtered quasi-isomorphisms.
2) This defines an isomorphism between the Leray spectral sequence for j∗(j
∗p)∗(2)C and the spectral
sequence for the hypercohomology of the filtered complex (p∗(2)Ω
.
X(logD),W, d).
3) One deduces the N(G)−isomorphisms:
H.(X, (p∗(2)Ω
.
X(logD), d)) ≃ H
.(X, j∗((j
∗p)∗(2)Ω
.
X\D, d))
≃ H.(X \D, ((j∗p)∗(2)Ω
.
X\D, d)) ≃ H
.(X \D, p∗(2)C) .
Proof.
The corresponding statement for a trivial covering map is proposition 3.1.8 of [11]. Let (z) : V →
D(0, 1)n be a chart in X such that D ∩ V = {z1 = . . . = zk = 0}. Let x be the center of the chart.
Define a residue map Rm : Γ(V \D,Ω
m) ∩Ker(d) → Cc(m,k) through integration on m−cycles
{|zi1 | = ǫ1, . . . , |zim | = ǫm}, 1 ≤ i1 < . . . < im ≤ k.
It is known (see Griffiths-Harris [28]) that dΓ(V \D,Ωm−1) = Ker(Rm). An explicit (continuous)
left inverse Sm is constructed in [28] p 451-452. The construction given there works for any
closed holomorphic form, and is not restricted to polar singularities. It maps logarithmic forms to
logarithmic forms.
Fix a trivialisation of G−coverings p−1(V ) ≃ V × p−1(x). This defines
Rm(2) : Γ(p
−1(V \D), p∗(2)Ω
m) ∩Ker(d)→ l2(p−1(x))c(m,k) and
Sm(2) : Ker(Rm(2))→ Γ(p
−1(V \D), p∗(2)Ω
m−1) a left inverse of d which maps logarithmic forms
to logarithmic forms. Then
l2(p−1(x),C)⊗ (Λm{
dz1
z1
, . . .
dzk
zk
})→ Hm(Γ(V, p∗(2)Ω
.
X(logD)), d)→ H
m(Γ(V \D, p∗(2)Ω
.), d))
are isomorphisms.
1) Maps α and β are filtered morphisms. We proved that β : (p2∗Ω
.
X(logD), d)→ (j∗(j
∗p)∗(2)Ω
.
U , d)
is a quasi-isomorphism hence a filtered quasi-isomorphism for the canonical filtration.
Now D˜m → Dm is a covering of a manifold. Hence, using (4.1.2), the sheaf
Hi(GrWm (p∗(2)Ω
.
X(logD), d)) ≃ H
i((a∗mp)∗(2)Ω
.−m
Dm
, d)
is vanishing if i 6= m and is isomorphic (as N (G)−sheaf) to (a∗mp)∗(2)CDm if i = m (Lemma 2.6.5).
This implies that Hm((p∗(2)Ω
.
X(logD), d)) ≃ a∗(a
∗
mp)∗(2)CDm as N (G)−sheaves. Hence α is a
filtered quasi-isomorphism.
2) Note that ((j∗p)∗(2)Ω
.
U , d) is a N (G)−resolution of (j
∗p)∗(2)C by j∗−acyclic sheaves: This
follows from [8] th. 3.6 and j is a Stein morphism. Then Rmj∗[(j
∗p)∗(2)C] is isomorphic to
Hm(j∗((j
∗p)∗(2)Ω
.
U , ∂)) as N (G)−sheaves. This defines a pseudo-isomorphism
(Rj∗(j
∗p)∗(2)C, τ≤) = (j∗C
.((j∗p)∗(2)C, τ≤)) 99K (j∗(j
∗p)∗(2)Ω
.
X\D, ∂) which composed with
Er(α) ◦ Er(β)
−1 induces an isomorphism of spectral sequences.
3) The quasi-isomorphism (p∗(2)Ω
.
X(logD), d)→ (j∗(j
∗p)∗(2)Ω
.
X\D, d) implies
H.(X, p∗(2)Ω
.
X(logD)) ≃ H
.(X, j∗(j
∗p)∗(2)Ω
.
X\D) ≃ H
.(X \D, (j∗p)∗(2)Ω
.
X\D)
≃ H .(X \D, (j∗p)∗(2)C) as N(G)−modules.

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Definition 4.1.4. Let τ∂,D˜. be the Serre category generated by ∪I⊂T τ∂,D˜I (see 3.3.2)
Lemma 4.1.5.
1) In the following diagram, the maps f1 and f2 are filered quasi-isomorphisms:
(Rj∗(j
∗p)∗(2)R, τ≤) (Rj∗(j
∗p)∗(2)C, τ≤) (Rj∗(j
∗p)∗(2)Ω
.
X\D, τ≤, d)
(p∗(2)Ω
.
X(logD),W, d) (p∗(2)Ω
.
X(logD), τ≤, d) (j∗(j
∗p)∗(2)Ω
.
X\D, τ≤, d)
✲i ✲f1
✛ α ✲β
✻
f2
2) This defines the second comparison morphism β˜ : (Rj∗(j
∗p)∗(2)R, τ≤) 99K (p∗(2)Ω
.
X(logD),W, d)
such that β˜ ⊗ 1C : (Rj∗(j
∗p)∗(2)C, τ≤) 99K (p∗(2)Ω
.
X(logD),W, d) is a pseudo-isomorphism.
3) Let τ be a real torsion theory greater than γ∗τ∂,D˜. (2.4.9). Assume that X is a compact Ka¨hler
manifold.
Then K := [(Rj∗(j
∗p)∗(2)R, τ≤ =W ); (p∗(2)Ω
.
X(logD),W, F ), β] is a τ−mixed Hodge complex of
N (G,R)−sheaves. Hence RΓ(GrWm K) is a Hodge complex of weight m in Mod(N(G,C))/τ (see
2.7.4).
Proof.
1) According to 2.1.1,
Rj∗((j
∗p)∗(2)R)⊗ C
i⊗1C→ Rj∗((j
∗p)∗(2)C)
is a N (G)−isomorphism. This defines a filtered isomorphism for the canonical filtration. From
Prop. 4.1.3 and exactness of the Godement resolution, f1 is a quasi-isomorphism. Also f2 is
quasi-isomorphism. Hence f1, f2 are filtered quasi-isomorphisms for the canonical filtration.
2) Then β˜ is defined through
E1(β˜) = E1(α)E1(f2 ◦ β)
−1E1(f1)E1(i)
so that E−m,l1 (β˜, τ≤−) maps H
m(j∗(j
∗p)∗(2)R) to H
−m+l((GrWm Ω
.
X(logD), d)) if 2m = l, all terms
vanish otherwise. Then β˜ ⊗ 1C is a pseudo-isomorphism (E1(β˜ ⊗ 1C) is an isomorphism).
3,a) The following lemma is proved as in [11] prop. 3.1.9.
Lemma 4.1.6. The residue morphism
p∗(2)Resm : Gr
W
m p∗(2)Ω
.
X(logD)→ am∗(a
∗
mp)∗(2)Ω
.−m
Dm
⊗ ΛmT
maps Rmj∗p∗(2)R[−m]
qi
→ Gr
τ≤
m Rj∗p∗(2)R to (2iπ)
−mam∗(a
∗
mp)∗(2)R⊗ Λ
mT [−m].
3,b) According to example 3.5.2, KDm defined by
((2iπ)−mZ⊗ (a∗mp)∗(2)RDm [−m], ((a
∗
mp)∗(2)ΩDm [−m], FDm [−m], d), (2iπ)
−m.αDm)(17)
is a N (G,R)−Hodge complex of sheaves of weight m modulo τ . From lemma 4.1.2, we deduce that
(Rmj∗(j
∗p)∗(2)R[−m], Gr
W
m p∗(2)Ω
.
X(logD), Gr
τ≤
m (β˜)) is a cohomological Hodge complex of sheaves
of weight m modulo τ : RΓ(GrWm K) ≃ RΓ(KDm) is a Hodge complex of weight m. 
4.2. Global setting. One gets our first theorem on mixed Hodge structure on l2−cohomology
(compare with [12] §8 and [44] th. 3.18):
Theorem 4.2.1. Let p : X˜ → X be a covering of a compact Ka¨hler manifold with covering transfor-
mations group G. Let Γ be the global section functor over X, from the category of N (G,R)−sheaves
of modules (resp. N (G)−sheaves of modules) to the category of N(G,R)−modules (resp. N(G)−
modules). Let RΓ be its derived functor realized through the Godement resolution.
Assume that a torsion theory τ on N(G,R) is chosen so that for each p ∈ Z,
RΓ(GrWp K) := [(RΓ(R
pj∗p∗(2)R)), (RΓ(Gr
W
p p∗(2)Ω
.
X(logD), F )), RΓ(Gr
W
p β˜)]
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is a Hodge complex in N(G,R)/τ , then
RΓ(K) := [(ΓRj∗(j
∗p)∗(2)R, τ≤), (RΓ(p∗(2)Ω
.
X(logD),W, F ), RΓ(β˜)]
is a mixed Hodge complex in N(G,R)/τ . Therefore:
i) The spectral sequence for (RΓ(p∗(2)Ω
.
X(logD)),W, d), which E
p,q
1 −term is
Hq−p(GrWp p∗(2)Ω
.
X(logD), d) ≃ H
−2p+q(Dp, ((a
∗
pp)∗(2)Ω
.
Dp , d)), degenerates at E2 in N(G,C)/τ⊗C.
ii) The differential d1 on E
−p,q
1 (RΓ(p∗(2)Ω
.
X(logD)),W ) ≃ H
−2p+q(Dp, (a
∗
pp)∗(2)C) is real, and is
a morphism of Hodge structures in Mod(N(G))/τ .
iii) Through the isomorphism
Gr
τ≤
p H
−p+q(X \D, p∗(2)R)⊗ C ≃ Gr
W
p H
−p+q(X, (p∗(2)Ω
.
X(logD), d)) ,
the Hodge filtration induces a Hodge structure (modulo τ). It is the same than the Hodge structure
induced by the isomorphism E2(RΓ(p∗(2)Ω
.
X(logD)),W ) ≃ E∞(RΓ(p∗(2)Ω
.
X(logD)),W ).
iv) The spectral sequence in N(G,C)/τ⊗C
Ep,q1 (RΓ(p∗(2)Ω
.
X(logD)), F ) ≃ H
q(X, p∗(2)Ω
p
X(logD))⇒ H
p+q(X, p∗(2)Ω
.
X(logD))
degenerates at E1.
v) Define the weight filtration W. on H
k(X \D, p∗(2)C), to be the shifted filtration k step to the left
of the filtration induced by the Leray spectral sequence:
W.H
k(X \D, p∗(2)R) = Im(H
k(X, τ≤.−kRj∗p∗(2)R)→ H
k(X \D, p∗(2)R)) .
It is equal to Im(Hk(X, (W.−kp∗(2)Ω
..
X(logD), d))→ H
k(X \D, p∗(2)C)).
Let F be the Hodge filtration on Hk(X \D, p∗(2)C), then (H
k(X \D, p∗(2)R),W, F ) is a mixed
Hodge structure in Mod(N(G))/τ .
Proof. Recall that C.(.) is an exact functor to the category of flabby sheaves and that RΓ.(.) :=
Γ(X, C.(.)) is an exact functor from the category of complex of N (G)−sheaves on X to the category
of N(G)−complexes. Consider the following diagram:
(RΓRj∗(j
∗p)∗(2)R, τ≤) (RΓRj∗(j
∗p)∗(2)C, τ≤) (RΓRj∗(j
∗p)∗(2)Ω
.
U , τ≤, d)
(RΓp∗(2)Ω
.
X(logD),W, d) (RΓ(p∗(2)Ω
.
X(logD)), τ≤, d) (RΓ(j∗(j
∗p)∗(2)Ω
., τ≤, d)
✲RΓ(i)
♣
♣
♣
♣
♣
♣
♣
♣
♣
♣
♣
♣
♣
♣
♣❄
RΓ(β˜)
✲RΓ(f1)
g1,C
✲g3
RΓ(β)
✲RΓ(α)
✟✟
✟✟
✟✟
✟✟
✟✟
✟✯
g2
✻
RΓ(f2)
Set g1 = RΓ(f1) ◦ RΓ(i). Then g1,C = g1 ⊗ 1C. Refering to the proof of theorem 2.7.7, defines
β2 = g2 ◦ g3 and β1 = g1. This defines pseudo-morphisms
β = RΓ(β˜) : (RΓRj∗(j
∗p)∗(2)R, τ≤) 99K (RΓp∗(2)Ω
.
X(logD),W, d)(18)
βC : (RΓRj∗(j
∗p)∗(2)C, τ≤) ˜99K(RΓp∗(2)Ω
.
X(logD),W, d) .(19)
Using the exactness of RΓ and the previous lemma, one sees that βC is a pseudo-isomorphism.
Moreover
Ep,q1 (RΓK) ≃ H
p+q(RΓ(GrWp K)) ≃ H
p+q(RΓ(KDp))
has a Hodge structure of weight q modulo τ (see (17)). One concludes from theorem 2.7.7 and
section 7.2 of [12].

Example 4.2.2.
1) Let τ∂,D˜. be the Serre category generated by
{
Im∂
Im∂
, ∂ : ⊕p,q,IS
k−q,(p,q)(p−1(DI))→ ⊕p,q,IS
k−q−1,(p,q+1)(p−1(DI)) }
where k is an integer big enough and D∅ = X˜ . Then γ
∗τ∂,D˜. (2.4.9) is the smallest torsion theory
which fulfills the above assumptions.
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2) Assume that p : X˜ → X is a Galois covering, then the torsion theory associated to the dimension
function or the U(G)−torsion modules fulfills the above assumptions.
4.3. Interpretation in equivariant cohomology. We give three isomorphisms for the coho-
mology groups of the local system p∗(2)C over X \D (see 2.6.6). For simplicity, we assume that
p : X˜ → X is a Galois covering.
4.3.1. One knows that Hk(X \D, p∗(2)C) is isomorphic to H
k(HomC[G](C.(p
−1(X \D)), l2(G))),
the singular equivariant cohomology of p−1(X \D) with coefficient in l2(G) ([19]).
4.3.2. D admits a basis of neighborhood V such that V retracts onto D and X \D retracts onto
X \ V . One may assume that V¯ and X \ V are manifolds with boundary. Using the invariance
of cohomology of a locally constant sheaf through homotopy ([39] cor.I.3.5), we get that Hk(X \
D, p∗(2)C)
i∗
→ Hk(X \ V, p∗(2)C) is an isomorphism. Using a triangulation T of the manifold with
boundary X \ V , we get an isomorphism Hk(X \ V, p∗(2)C) ≃ H
k(HomC[G](T˜ , l
2(G))) as in cor.
3.4.7.
4.3.3. To obtain a direct combinatorial description of the group Hk(X \ D, p∗(2)C), we use the
Leray cover defined by the open stars of a triangulation ofX : Let f : K → X be a C1−triangulation
of X ([62]) such that D is a subcomplex. Let v ∈ K0 be a vertex in K. Let Uv =
◦
St(v,K) be the
open star of v in K (Munkres [40]§.2). The open coveringM = {Uv, v ∈ K0 \D} of X \D is such
that any finite intersection of its elements is acyclic for any locally constant sheaf. Let K(−D) be
the subcomplex of simplexes σ of K such that σ does not intersect D. Then the nerve of M is
isomorphic as a simplicial set to K(−D). Let K˜(−D) and K˜ be the pullback simplicial complexes.
Using Leray’s theorem ([4] III.4.13 or [26] II.5.2.4), we get as in the proof of cor. 3.4.7,
Hk(X \D, p∗(2)C) ≃N(G) Hˇ
k(M, p∗(2)C) ≃N(G) H
k(HomC[G](K˜(−D), l
2(G))) .
This description as the homology of a complex of G−Hilbert modules allows one to define a reduced
cohomology which is isomorphic to the corresponding harmonic space ([37] 1.1.4, [54]). The two last
complexes have finite Von Neumann dimensions. Hence their reduced cohomology are isomorphic
to their cohomology in Mod(N(G))/τU(G) or Mod(N(G))/τdim .
Corollary 4.3.4. There exists a mixed Hodge structure on Hk(HomC[G](C.(p
−1(X \D)), l2(G)))
in Mod(N(G))/γ∗τ∂, D˜.
. In particular in Mod(N(G))/τdim , there exists a mixed Hodge structure on
H¯k(2)(K˜(−D)).
4.4. Interpretation of (E1, d1). One aim of this section is formula (22) below which interprets
d1 through the Gysin morphisms. For this, we use a smooth logarithmic complex as in Griffiths-
Schmid [29] p. 73.
Definition 4.4.1. Let p∗(2)S
∞,.(logD) be the subsheaf of j∗[(j
∗p)∗(2)S
∞A.] such that a germ
α belongs to [p∗(2)S
∞,.(logD)]x if
hα ∈ [p∗(2)S
∞A.]x and hdα ∈ [p∗(2)S
∞A.]x(20)
where h a defining equation for D at x.
From its definition, (p∗(2)S
∞,.(logD), d) is a complex. Moreover
Lemma 4.4.2. p∗(2)S
∞,.(logD) = p∗(2)S
∞A. ⊗O Ω
.
X(logD).
Proof. One first proves the corresponding result in a coordinate chart (V, (z)) for a trivial one-
sheeted covering. This will give estimates that carries over to the local situation of a trivialised
covering p−1(V ) ≃ V × p−1(x).
1) Let us first recall a proof in a coordinate chart (V, (z1, . . . , zn)) : The hypothesis implies that
hα and (hα) ∧
dh
h
extends as smooth forms. Assume that h = z1 . . . zk in (V, (z)) and that hα =∑
I
βIdz
I where I is a subset of K = {1, . . . , k} and the forms βI are smooth on V which belongs
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to the exterior algebra generated by dzk+1, . . . , dzn. Then γ = (hα) ∧
dh
h
=
∑
i,I
βI
zi
dzI ∧ dzi is a
smooth form on V \ {z1 . . . zk = 0} such that any of its partial derivative
∂|A|+|B|
∂zA∂z¯B
γ admits a limit
on V ∩D. Let p ∈ (z1 = 0) \ (z2. . . . .zk = 0). Then
0 = lim
V \D∋p′→p
z1
∂|B|
∂z¯B
γ = lim
V \D∋p′→p
∑
i,I
z1
zi
∂|B|
∂z¯B
βIdz
I ∧ dzi =
∑
I 6∋1
∂|B|
∂z¯B
βI(p)dz
I ∧ dz1 .
Hence if 1 6∈ I then
∂|B|
∂z¯B
βI(p) = 0. By continuity, this holds for any p ∈ {z1 = 0}. This implies
that βI ∈ z1A
.(V ) (Malgrange [38], Schwartz [50] th.2). In the same way we see that if i 6∈ I then
βI ∈ ziA
.(V ). Hence βI ∈ z
K−IA.(V ) by [50] th.3 and α =
∑
I
βI
zK−I
dzI
zI
:=
∑
I
αI
dzI
zI
belongs
to A. ⊗O Ω
.
X(logD)(V ).
2) But zK−IA.(V ) is a closed ideal, therefore the surjective maps αI → z
K−IαI are open : for all
compact subsetK1 ⊂ V , allm1 ∈ N, all I ⊂ {1, . . . , k}, there exists compact subsetsK2 ⊂ K3 ⊂ V ,
integers m2 ≤ m3 and positive numbers C1, C2 such that ||αI ||Cm1 (K1) ≤ C1||z
K−IαI ||Cm2 (K2) ≤
C2||hα||Hm3 (K3). The last norm is the Sobolev norm of order m3.
This implies that p∗(2)S
∞Ω.X(logD) = p∗(2)S
∞A. ⊗O Ω
.
X(logD). 
Lemma 4.4.3. The sheaf p∗(2)S
∞A0 is a flat OX−module.
Proof. The statement for a trivial one sheeted covering is the flatness theorem of Malgrange [38]:
Let Ix ⊂ Ox be a finitely generated ideal. Let V be a neighborhood of x such that I(V ) admits a
finite presentation
Ok(V )
r
→ Op(V )
g
→ I(V )→ 0
(the map r gives the module of relations and g : h→
p∑
i=1
higi is defined using generators of I(V )).
The flatness of C∞(V ) on O(V ) implies that (C∞(V ))k
r
→ (C∞(V ))p → I(V ).C∞(V ) is exact.
Hence Im(r) is closed and the above exact sequence splits. If V is small enough, the pullback of
this splitting provides a splitting of p∗(2)S
∞A0(V )k → p∗(2)S
∞A0(V )p → I(V ).p∗(2)S
∞A0(V ).
By Tougeron [58] I.4, we conclude that TorOx1 (Ox/Ix, p∗(2)S
∞A0x) = 0. 
Corollary 4.4.4.
1) The morphism (p∗(2)Ω
.
X(logD), d)→ (p∗(2)S
∞,.(logD), d) is a quasi-isomorphism. Moreover the
morphism
(p∗(2)Ω
.
X(logD), d,W, F )→ (p∗(2)S
∞,.(logD), d,W, F )
defines a bi-filtered Γ−acyclic resolution.
2) Let I be a p−tuple of distinct elements in T . Then there is a map
ResI : p∗(2)S
∞,.(logD)→ p∗(2)S
∞,.−p(log(DI ∩
∑
j 6∈I
Dj)) .
3) The maps in the following diagram are filtered quasi-isomorphisms:
(GrWl p∗(2)Ω
.
X(logD), d, F ) al∗((a
∗
l p)∗(2)Ω
.
Dl
, d, F )[−l]
(GrWl p∗(2)S
∞,.(logD), d, F ) al∗((a
∗
l p)∗(2)S
∞A.Dl , d, F )[−l]
✲Resl
❄ ❄
✲Resl
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4.4.5. Gysin morphisms. Let I ⊂ T be such that ♯I = p.
Fix a (hermitian) metric on DI and choose an orthogonal splitting T (X)|DI ≃ TDI ⊕ NDI/X .
For any ǫ small enough, the exponential map induces a diffeomorphism NDI/X(ǫ)
eI→ UI(ǫ) from
a tubular neighborhood of DI in NDI/X into a neighborhood of DI in X . Define a retraction
rI : UI(ǫ) → DI by compositing e
−1
I with the bundle projection NDI/X → DI . Let n = dimX .
One choose ǫ1, . . . , ǫn such that the domains of the maps rI : UI(ǫp) → DI , ♯I = p, satisfy the
conditions ∩J⊂I, ♯J=qUJ(ǫq) ⊂ UI(ǫp). Hence the intersection of the tubular neighborhoods of D1
and D2 is contained in the tubular neighborhood of D1 ∩D2 (for simplicity assume that X is of
bounded geometry). Then rI is a smooth submersion and r
∗
I maps local Sobolev space of order
s to local Sobolev space of order s (for tensor product of separated variables commutes with the
Fourier transform).
Let st be a section of [Dt] vanishing on Dt, t ∈ T . Let ht be a hermitian metric on [Dt],
such that |st(x)| = 1 if x 6∈ Ut(ǫ
′
1) with ǫ
′
1 < ǫ1. Let ηt =
1
2iπ
∂log|st|
2. The Poincare´-Lelong
formula reads d[ηt] = [Dt] − ωt where ωt is the first Chern form of ([Dt], ht). Assume that X is
compact. Then these currents are supported in a compact neighborhood of Dt. For I ∈ T
p, define
ηI = ηt1 ∧ . . . ∧ ηtp . If t 6∈ {I}, we have
supp(ωt ∧ ηI) ⊂⊂ U{t}∪{I}(ǫ|I|+1) .(21)
We lift this construction by the covering map. Note that a connected component of p−1(UI(ǫp))
contains only one connected component of p−1(DI).
Let us introduce the following notations: for I ∈ T p such that ♯{I} = p, denotes rI , ηI , . . . the
lifts p∗(r{I}), p
∗ηI , . . . to p
−1(U{I}).
Let [α] ∈ Hq−2p(DI , (a
∗
Ip)∗(2)S
k−.A.). From 3.6.1, we may assume that α belongs to
Γ(p−1(DI),A
q−2p)∩n∈NDom[(1+∆p−1(DI ))
n] so that r∗I (α)ηI ∈ Γ(∩t∈IUt(ǫ
′
1), p∗(2)S
∞,q−p(logD)).
Denote by the same symbol the extension of r∗I (α)ηI by zero to X˜. Then r
∗
I (α)ηI is an element
of Γ(X˜,S∞,q−p(logD˜)) such that ResI(r
∗
I (α)ηI) = α. From corollary 4.4.4, one represents a class
in H−p+q(X, p∗(2)(Gr
W
p Ω
.
X(logD), d)) by a form
1
p!
∑
I
r∗I (αI)ηI ∈ Γ(X˜,S
∞,q(logD)), with the
convention that I → αI is antisymmetrical in I. Hence αI = ǫ(t)α
(t,
t
Iˇ)
where ǫ(t) is the signature
of the permutation I → (t,
t
Iˇ). Then,
d(r∗I (αI)ηI) = 0 + (−1)
q−2pr∗I (αI)
∑
t∈I
ǫ(t)ωtηt
Iˇ
= (−1)q−2p
∑
t∈I
r∗I (α
(t,
t
Iˇ)
)ωtηt
Iˇ
d
∑
I
r∗I (αI)ηI = (−1)
q−2p
∑
J
∑
t
r∗t,J(α(t,J))ωtηJ
Res{J}d
∑
I
r∗I (αI)ηI = (−1)
q−2paJ∗a
∗
J(
∑
t
ωtr
∗
t,J (αt,J))⊗ Λ
J t
Therefore
d1[
∑
I∈Tp
αI ⊗ Λ
It] = [
∑
J∈Tp−1
(−1)q−2pa∗J(
∑
t∈T
ωtr
∗
t,J(αt,J ))⊗ Λ
J t] .(22)
4.5. l2−characteristics. In this section, we state Atiyah’s equalities between l2−Euler character-
istics and Euler characteristics ofX\D under the hypothesis that the covering p : X˜ → X is Galois.
Let τdim be the torsion theory such that Tdim = {M ∈ Mod(N(G)) : dimN(G)M = 0} (see 2.5.3).
Theorem 3.5.1 shows that τdim satisfies hypothesis of theorem 4.2.1. Hence the weight spectral
sequence degenerates at E2 and the Hodge spectral sequence degenerates at E1 in Mod(N(G))/τdim .
Proposition 4.5.1. Let X˜ → X be a G−cover of a compact Ka¨hler manifold of dimension n and
let D → X be a normal crossing divisor. Then Hn(X \ D, (j∗p)∗(2)C) has finite Von Neumann
dimension. Moreover if F is the Hodge filtration given by the theorem 4.2.1 then
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GrpFH
i(X \D, (j∗p)∗(2)C) = H¯
i−p
∂(2)
(X˜,ΩpX(logD˜)) in Mod(N(G))/τdim(23)
n∑
i=0
(−1)idimN(G)GrFpH
i(X \D, (j∗p)∗(2)C) =
n∑
i=0
(−1)idimCGrFpH
i(X \D,C)(24)
χ(2)(p
−1(X \D)) =
∑
i
(−1)iχ(2)(p
−1(Di)) =
∑
i
(−1)iχ(p−1(Di)) = χ(X \D) .(25)
Proof. Let H¯k
∂(2)
(X˜, p∗(ΩpX(logD))) be the Reduced Dolbeault cohomology group. Then inn
Mod(N(G))/τdim , we haveH
k(X, p∗(2)Ω
p
X(logD)) ≃ H¯
k
∂(2)
(X˜, p∗(ΩpX(logD))) (see [8] 3.4 and 3.14)
and
GrpFH
i(X \D, (j∗p)∗(2)C) ≃ H
i−p(X, p∗(2)Ω
p
X(logD)) ≃ H
i−p
∂(2)
(X˜, p∗ΩpX(logD))
is finite N(G)− dimensional. Using Atiyah’s theorem (see [2], [8]), we get χ(2)(X˜, p
∗ΩpX(logD)) =
χ(X,ΩpX(logD)). But Deligne’s theorem ([11]) gives Gr
p
FH
i(X \ D,C) ≃ Hi−p(X,ΩpX(logD)).
Hence
n∑
i=0
(−1)idimN(G)Gr
p
FH
i(X \D, (j∗p)∗(2)C) =
n∑
i=0
(−1)idimCGr
p
FH
i(X \D,C)
n∑
i=0
(−1)idimN(G)H
i(X \D, (j∗p)∗(2)C) =
n∑
i=0
(−1)idimCH
i(X \D,C)
Using the weight spectral sequence, we get
∑
i,j
(−1)i+jEi,j1 =
∑
i,j
(−1)i+jEi+j2 in the Grothendieck
group of the category Mod(N(G)). From lemma 4.1.2 and theorem 3.5.1, one gets
Ei,j1 ≃ H
j−2i(Di, ((a
∗
i p)∗(2)Ω
.
Di , d)) ≃ H
j−2i(Di, (a
∗
i p)∗(2)C) .
This gives the equalities in the last line using additivity of dimension functions. 
Note in particular that FnHk(X \ D, (j∗p)∗(2)C) = Gr
n
FH
k ≃ Hk−n(X, p∗(2)(K ⊗ [D])) =
H¯k−n
∂(2)
(X˜,KX˜ ⊗ [p
−1(D)]) in Mod(N(G))/τdim .
4.6. Examples of (τ ′, τ)−cohomological mixed Hodge complex (CMHC).
4.6.1. We have seen that K := [(Rj∗(j
∗p)∗(2)R, (Rj∗(j
∗p)∗(2)R, τ), (p∗(2)Ω
.
X(logD),W, F ), β˜] is a
(0, γ∗τ∂,D˜.)−CMHC (see lemma 4.1.5 for a definition of β˜).
4.6.2. The following complex is functorial under morphism and its behavior under change of group
may be studied through homological algebra.
Recall that if p : X˜ → X is a G−covering map between locally compact spaces, then the functor
p!p
∗ from the category of sheaves on X to the category of Z[G]−sheaves on X is exact (Iversen
[34] p. 99 and p. 315) . Moreover, we have an isomorphism p!p
∗(F ) ≃ (p!Z)⊗F as Z[G]−sheaves.
Then tensoring over C[G] by N(G) gives a functor from the category of R−mixed Hodge com-
plexes of sheaves on X to the category of N(G)−mixed Hodge complexes of sheaves modulo the
dimension function: the functor N : [Sheaves over X] → [N (G) − Sheaves over X] given by F →
N (G)⊗C[G]p!p
∗F is exact for a local model is an induced trivial module tensorised with C[G]. There
are natural maps N (G)⊗C[G] p!p
∗F → l2(G)⊗C[G] p!p
∗F defined by n⊗f 7→ n(δe)⊗f . In the case
where F is holomorphic coherent or locally constant sheaf, this map takes values into p∗(2)F . But
is far from being surjective. However, if we reduce to the category of sheaves in Mod(N(G))/τdim ,
then we get from the usual CMHC K on X a CMHC mod(τdim, τdim) N (G) ⊗ p!p
∗K.
SOME MIXED HODGE STRUCTURES ON l2−COHOMOLOGY GROUPS 31
5. Examples.
5.1. We give below the first terms of the unreduced (E1, d1) complexes of the weight spectral
sequence (after a choice of ordering of the divisors).
The opposite of the weight index is the column index. We recall that the shift in the weight
filtration on the l2−cohomology groups of p−1(X\D)→ X\D is given by GrWj H
i(X\D, p∗(2)C) ≃
GrWj−iH
i(X, (p∗(2)ΩX(logD), d)). For example, in suitable quotient category, homology at column
−i of the top line will compute GrW6 H
i(X \D, p∗(2)C).
H0(2)(p
−1(D3))
d1
// H2(2)(p
−1(D2))
d1
// H4(2)(p
−1(D1))
d1
// H6(2)(X˜) 0
0 H1(2)(p
−1(D2))
d1
// H3(2)(p
−1(D1))
d1
// H5(2)(X˜) 0
0 H0(2)(p
−1(D2))
d1
// H2(2)(p
−1(D1))
d1
// H4(2)(X˜) 0
0 H1(2)(p
−1(D1))
d1
// H3(2)(X˜) 0
0 H0(2)(p
−1(D1))
d1
// H2(2)(X˜) 0
0 H1(2)(X˜) 0
0 H0(2)(X˜) 0
Gr−3W− Gr
−2
W−
Gr−1W− Gr
0
W−
We refer to the formula (22) for an interpretation of d1 in term of the Gysin morphisms.
5.1.1. The homology of the i−th line at the column Gr0W− is E
0,i
2 (W−). But (4.1.3) implies
GrWi H
i(X \D, p∗(2)C) = Im(H
i(X, p∗(2)C)→ H
i(X \D, p∗(2)C)) .
Hence under the hypothesis of theorem 4.2.1, the kernel of the restriction mapping is isomorphic
in Mod(N(G))/τ to the image of the Gysin homomorphism.
5.1.2. The E1−page of the Hodge filtration has differential d1 induced by the operator ∂. We recall
that the l2−cohomology groups H .(X, p∗(2)E) of a holomorphic vector bundle are isomorphic to
the unreduced l2−Dolbeault cohomology groups H .
∂(2)
(X˜, p∗(E)) (see [8]). In the case of a surface
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this gives:
H2(X, p∗(2)O)
d1
// H2(X, p∗(2)Ω
1
X(logD))
d1
// H2(X, p∗(2)K ⊗ [D])
H1(X, p∗(2)O)
d1
// H1(X, p∗(2)Ω
1
X(logD))
d1
// H1(X, p∗(2)K ⊗ [D])
H0(X, p∗(2)O)
d1
// H0(X, p∗(2)Ω
1
X(logD))
d1
// H0(X, p∗(2)K ⊗ [D])
Gr0F Gr
1
F Gr
2
F
5.1.3. Reduction with respect to the dimension torsion theory. Let p : X˜ → X˜/G = X be a
G−covering of the complex compact Ka¨hler manifold. Let us choose a Ka¨hler metric on each
divisor DI of X , and a hermitian metric on the vector bundle Ω
.
X(logD)→ X . And consider the
pullback structures on X˜ and p−1(DI).
Let q be one of the projections from the l2−cohomology group onto the respective harmonic
spaces (which are induced by the orthogonal projections from the square integrable cocycle to the
harmonic spaces). Then the reduction of q in Mod(N(G))/τdim or Mod(N(G))/τU(G) is isomor-
phic to the identity (see 3.4.4) and the torsion theory τdim satisfies hypothesis of theorem 4.2.1.
Therefore:
Corollary 5.1.4. In Mod(N(G))/τdim or Mod(N(G))/τU(G) , we have the following isomorphisms.
i) For the weight spectral sequence:
E−l,k+l1 (W−) = H
k(X,GrWl p∗(2)Ω
.
X(logD)) ≃ H
k−l
d(2)(p
−1(Dl))
[d1] = [q ◦ d1 ◦ q]
E−l,k+l2 (W−) ≃ Homology of
(
Hk−l−2d(2) (p
−1(Dl+1))
q◦d1
→ Hk−ld(2)(p
−1(Dl))
q◦d1
→ Hk+l+2d(2) (p
−1(Dl−1))
)
ii) For the Hodge spectral sequence:
Ek,l1 (F ) ≃ H
l
∂(2)
(X˜, p∗ΩkX(logD)) and [d1] = 0 .
5.2. The dual CW−complex associated to p : (X˜, p−1(D)) → (X,D) and a combinatorial
interpretation of the highest weight cohomology. The top line of (E1(W ), d1) is interpreted
through the dual complex associated to the divisors. A k−cell of this complex is a connected
component of p−1(Dk+1). The l
2−homology of this dual complex is interesting: if the action of
the infinite group G is cocompact, the reduction in τdim or τU(G) only keeps track of the complex
associated to the compact connected components, for the other components have infinite isotropy
subgoups, see lemma 5.2.5 .
On the other hand, the l2−harmonic forms of maximal degree of a connected covering manifold
is vanishing when the covering is infinite. This means that, when one neglects torsion, the only
non trivial top dimensional l2−cohomology spaces which enters in the top line of (E1(W ), d1) are
associated to compact connected componant. In this case they are multiple of the dual of the
fundamental class.
This correspondance between cells with finite isotropy of the dual complex and dual of the
fundamental class of compact connected componants is formalised in lemma 5.2.6. In the case of a
Galois cover, one then describes, modulo τU(G) or τdim, the groups Gr
W
2nH
.(X \D) as the relative
l2−homology of the dual complex relative to the complex of cells with infinite isotropy (theorem
5.2.7).
Consideration of non Galois coverings leads us to distinguish between non compact connected
componant and componant with infinite isotropy. When working in general non Galois coverings,
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we may use the edge homomorphisms (5.4) in unreduced cohomology in order to derive informations
from the simplicial l2−homology of the dual simplicial complex.
5.2.1. The ∆−complex K˜. Let Tk ∋ β → Dβ be a parametrisation of the set of connected com-
ponents Dβ of ⊔|I|=kDI . We assume that T1 = T . Let P(T ) be the set of subset of T . Let
n : Tk → P(T ) be the map such that Dβ is a connected component of ∩t∈n(β)Dt and ♯n(β) = k.
Let T˜k ∋ β → D˜β be a parametrisation of the set of connected components of p
−1(⊔|I|=kDI).
Then G acts on T˜k and p induces a projection p : T˜k → Tk. We recall that D∅ = D0 = X so that
T0 is a set with a single element, and T˜0 ∋ γ → X˜γ parametrizes the set of connected components
of X˜. In order to have uniform notations, the component X˜γ will also be denoted by D˜γ .
We now define the ∆−set K˜ (Rourke Sanderson[47]): Let (T,≤) be an order on T . Let
Finc([k], T ) be the set of injective increasing maps from ([k],≤) = ({0, . . . , k},≤) to (T,≤).
A k−cell is an element (β, o) ∈ T˜k+1 × Finc([k], T ) such that D˜β is a connected component of
p−1(Do(0) ∩ . . . ∩ Do(k)). In the following the map o ∈ Finc([k], T ) will be identified with the
(k + 1)−uple (o(0), . . . , o(k)) ∈ T k+1.
Let f : [s]→ [k] be an injective increasing map. It induces the f−th face map K˜(f) : K˜k → K˜s:
Let (β, o) ∈ K˜k. Then K˜(f)(β, o) = (γ, o ◦ f) where γ ∈ T˜s is the connected component of
p−1(∩t∈f◦o([s])Dt) which contains D˜β .
Let ∆k be the standard simplex in R
k. Then f : [s] → [k] induces the usual linear injection
f : ∆s → ∆k. A geometric realization |K˜| of K˜ is formed from the disjoint union ⊔l∈NK˜l ×∆l by
identifying pairs ((β, o), f(x)) and (K˜(f)(β, o), x) ([47] §.2).
Let Ck(K˜) be the free Z−module with basis the k−simplices (β, o) in K˜k. Let fm : [k− 1]→ [k]
be the usual m−th face map and let ∂m(β, o) := K˜(fm)(β, o). The boundary map ∂ : Ck(K˜) →
Ck−1(K˜) is defined by ∂(β, o) =
k∑
m=0
(−1)m∂m(β, o) =
∑
i∈o
ǫ(i)
i
ˇ(β, o) where if i = o(m), we set
i
ˇ(β, o) = (
i
βˇ,
i
oˇ) := ∂m(β, o) and ǫ(i) = (−1)
m is the signature of the permutation o→ (i,
i
oˇ).
G acts naturally on K˜, |K˜| and |K˜| is a G−CW complex (see [37] 1.2.1). Moreover any other
choice of ordering (T,≤′) on T is given by an increasing permutation σ : (T,≤) → (T,≤′) which
defines G−isomorphic ∆−complexes, G−homeomorphic geometric realizations and G−homotopic
chain complexes.
Let ǫ : K˜0 → K˜−1 = T˜0 be the augmentation map which assigns to (β, t) the element γ ∈ T˜0
such that D˜β ⊂ X˜γ . Let (K˜ǫ, ∂) be the augmented complex with respect to ǫ.
The group G acts naturally on (K˜ǫ, ∂).
One notes that ǫ sends a non compact connected divisor (resp. with infinite isotropy) to a non
compact connected componant of p−1(X) (resp. with infinite isotropy).
Definition 5.2.2. Recall that G acts on K˜.
1) Let K˜(∞) be the ∆−complex consisting of simplexes (β, o) of K˜ whose isotropy subgroup G(β,o)
under the action of G is infinite.
2) Let K˜(n.c.) be the ∆−complex consisting of simplexes (β, o) such that D˜β is non compact.
3) Let K˜ǫ(∞) and K˜ǫ(n.c.) be the correponding augmented complexes .
Notations: Let A be an abelian group, and K ′ be a ∆−subcomplex of a ∆−complex K with
augmentation ǫ : K0 → K−1. Then the induced augmented complex K
′
ǫ is defined by ǫ : K
′
0 →
ǫ(K ′0) = K
′
−1. Then (C.(Kǫ,K
′
ǫ, A), ∂) = ([C.(Kǫ)/C.(K
′
ǫ)]⊗A, ∂ ⊗ 1A) is the relative augmented
chain complex with coefficients in A.
5.2.3. One can compute the relative homology groups Hk(Kǫ,K
′
ǫ) using a modified boundary
map which anihilates boundaries liying in K ′ǫ (See [24] remark II.4.8). Such boundary maps will
appear in computation of the relative homology of square integrable chains:
Let Ck(K
′
ǫ), respectively Ck(Kǫ \ K
′
ǫ), be the free abelian groups generated by the simplexes
contained in K ′ǫ, respectively not contained in K
′
ǫ. Let a
′
. : C.(K
′
ǫ) → C.(Kǫ), a. : C.(Kǫ \K
′
ǫ) →
C.(Kǫ), b
′
. : C.(Kǫ)→ C.(K
′
ǫ), b. : C.(Kǫ)→ C.(Kǫ \K
′
ǫ) be the natural maps defining the splitting
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C.(Kǫ) = Ck(K
′
ǫ) ⊕ Ck(Kǫ \K
′
ǫ). The maps ∂ = bk−1∂ak : Ck(Kǫ \K
′
ǫ) → Ck−1(Kǫ \K
′
ǫ) define
a complex (C.(Kǫ \K
′
ǫ), ∂). The maps ik : Ck(Kǫ \ K
′
ǫ) → Ck(Kǫ) → Ck(Kǫ)/Ck(K
′
ǫ) define an
isomorphism of complexes i : (C.(Kǫ \K
′
ǫ), ∂)→ (C.(Kǫ,K
′
ǫ), ∂).
Hence the relative homology groups Hk(K,K
′) are isomorphic to the homology of the complex
(C.(Kǫ \K
′
ǫ), ∂). If K
′ is a G−∆−subcomplex then i is an isomorphism of Z[G]−complexes.
Example 5.2.4.
1) Assume X˜ is connected non compact and G is infinite then K˜−1 = K˜−1(∞) = K˜−1(n.c.) = {X˜}.
Hence the relative chain complexes (C.(K˜ǫ, K˜ǫ(∞)), ∂) and (C.(K˜, K˜(∞)), ∂) are equal.
2) If G is finite then K˜ǫ(∞) = ∅.
3) If the action of G on p : X˜ → X is proper then K˜(∞) = K˜(n.c.). Moreover, K˜ǫ \ K˜ǫ(n.c.) is the
set of (closed) simplexes which are faces of finitely many simplexes.
Let (Csing. (|K˜|), ∂) be the complex of singular chains.
Lemma 5.2.5.
1) Let K˜(∞) be the ∆−complex consisting of simplexes (β, o) whose isotropy subgroup G(β,o) under
the action of G is infinite. Then the map of relative chain complexes (C.(K˜, K˜(∞),Q), ∂) →
(Csing. (|K˜|, |K˜(∞)|,Q), ∂) is a Q[G]−homotopy equivalence (see [37] p.264).
2) Assume that G is infinite. Then the morphism
(l2(G) ⊗C[G] C.(K˜ǫ,C), ∂) → (l
2(G)⊗C[G] C.(K˜ǫ, K˜ǫ(∞),C), ∂)
is an isomorphism in Mod(N(G))/τU(G) (see [37] th.6.54).
3) Define a complex of square integrable chains by
C(2). (K˜ǫ \ K˜ǫ(∞)) = {
∑
a(β,o)(β, o), with (β, o) ∈ K˜ǫ,. \ K˜ǫ(∞) /
∑
|a(β,o)|
2|Gβ |
−1 < +∞}
with boundary
∂(β, o) =

∑
∂m(β,o) 6∈K˜(∞)
(−1)m∂m(β, o) if (β, o) 6∈ K˜0,
ǫ(β, o) = γ if (β, o) ∈ K˜0 \ K˜0(∞), γ 6∈ K˜−1(∞),
0 otherwise.
(26)
Assume the number of G−orbits of K˜ǫ \ K˜ǫ(∞) is finite then
(l2(G)⊗C[G] C.(K˜ǫ, K˜ǫ(∞),C), ∂) is C[G]−isomorphic to (C
(2)
. (K˜ǫ \ K˜ǫ(∞)), ∂).
Proof. Indeed Ck(K˜) ≃ ⊕σ∈ΣkZ[G/Gσ] where Σk is a set of representatives for the G−orbits of
k−simplexes (compare with Brown [6] p. 68 example 5.5b). Let K˜ ′ be a sub-(G,∆)−complex of
K˜. Let C.(K˜ \ K˜
′) ≃ ⊕σ∈Σ.\K˜′Z[G/Gσ ] be the free group on cells in K˜ \ K˜
′. Then C.(K˜ \ K˜
′)→
C.(K˜, K˜
′) is a Z[G]−isomorphism whose inverse defines a Z[G]−splitting of 0 → C.(K˜
′) →
C.(K˜) → C.(K˜, K˜
′) → 0. Assume moreover that K˜(∞) ⊂ K˜ ′. Then C.(K˜, K˜
′) ⊗ Q and
Csing. (|K˜|, |K˜
′|)⊗Q are projective Q[G]−modules ([6] ex.4 p. 30). If K˜ ′ is a sub-∆−complex then
the map of relative chain complexes (C.(K˜, K˜
′), ∂)→ (Csing. (|K˜|, |K˜
′|), ∂) is a quasi-isomorphism
(Hatcher [33] th.2.27 p. 137). We conclude that the Q[G]−quasi-isomorphism of projective com-
plexes (C.(K˜, K˜(∞),Q), ∂) → (C
sing
. (|K˜|, |K˜(∞)|,Q), ∂) is a homotopy equivalence ([6] p. 29
th.8.4). This prove 1).
Let us prove 2). The proof of 1) shows that 0→ C.(K˜ǫ(∞))→ C.(K˜ǫ)→ C.(K˜ǫ, K˜ǫ(∞))→ 0 is
a split exact Z[G]−sequence. Hence the following sequence is exact:
0→ l2(G)⊗C[G] C.(K˜ǫ(∞),C)→ l
2(G)⊗C[G] C.(K˜ǫ,C)→ l
2(G) ⊗C[G] C.(K˜ǫ, K˜ǫ(∞),C)→ 0 .
From lemma 2.5.5, the first term is isomorphic to zero in Mod(N(G))/τU(G) .
In order to prove 3), we define a map from l2(G)⊗C[G] C.(K˜ǫ \ K˜ǫ(∞),C) to C
(2)
. (K˜ǫ \ K˜ǫ(∞))
by f ⊗ (β, o) →
∑
g∈G
f(g−1)(gβ, o) =
∑
g∈A
[
∑
h∈Gβ
f(hg−1)](gβ, o) with A a set of representative for
Gβ/G. This map is injective for f ⊗ (β, o) = f.ρ(h) ⊗ (β, o) if h ∈ Gβ . The boundary map of
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(C.(K˜ǫ \ K˜ǫ(∞),C), ∂) (5.2.3) induces a boundary map ∂ on C
(2)
. (K˜ǫ \ K˜ǫ(∞)) given by (26). It
is bounded if sup
γ∈K˜ǫ\K˜ǫ(∞)
∑
D˜β⊂D˜γ
|Gβ |
|Gγ |
< +∞. This follows if the orbit type of K˜ǫ \ K˜ǫ(∞) is finite.
In this case, the above map is moreover surjective. 
Lemma 5.2.6. Let β ∈ T˜k and let nβ be the degree of the covering map D˜β → Dp(β) = p(D˜β)
(see 5.2.1).
Let (C(2). (K˜ǫ \ K˜ǫ(n.c.)), ∂) be the complex of square integrable chains
{
∑
a(β,o)(β, o), with (β, o) ∈ K˜ǫ,. \ K˜ǫ(n.c.) s.t.
∑
|a(β,o)|
2(nβ)
−1 < +∞}
with bounded boundary map ∂ given in (26) with K˜ǫ(∞) replaced by K˜ǫ(n.c.). There exists an
isomorphism of complex
(C(2). (K˜ǫ \ K˜ǫ(n.c.)), ∂) → (H
2(n−(.+1))
d(2) (p
−1(D.+1)), q ◦ d1).
which is compatible with the action of G.
Proof. If β ∈ T˜k, then H
2(n−k)
d(2) (D˜β) is vanishing if D˜β is non compact. If D˜β is compact, we denote
by Cβ the unique harmonic form on D˜β such that
∫
D˜β
Cβ = 1. Then ||Cβ ||
2 = V −1β = (nβVp(β))
−1
with Vβ (resp. Vp(β)) is the volume of D˜β with respect to a pullback metric on Dp(β) (resp. the
volume of Dp(β)).
One extends Cβ by zero to p
−1(Dk). This extension, still denoted by Cβ , satisfies the relations
Cβρ(g) := g
∗Cβ = Cg−1β . Let Σk be a set of representatives for the G−orbits of k−simplices.
There is a hilbertian orthogonal decomposition H
2(n−k)
d(2) (p
−1(Dk)) = ⊕β∈T˜k\T˜ (n.c.)H
2(n−k)
d(2) (D˜β)
and an isometric isomorphism
H
2(n−k)
d(2) (p
−1(Dk)) ≃ ⊕β∈Σk\T˜ (n.c.)l
2(GupslopeGβ) given by f → ⊕β∈Σk(gGk 7→< f,Cgβ ||Cgβ ||
−1 >).
Then, we define
r : C(2). (K˜ǫ \ K˜ǫ(n.c.)) → H
2(n−(.+1))
d(2) (p
−1(D.+1))⊗ Λ
.T∑
(β,o)∈K˜ǫ,.\K˜ǫ(n.c.)
a(β,o)(β, o) 7→
∑
(β,o)
a(β,o)Cβ ⊗ Λ
ot
It converts the left action on chains to the right action on cohomology classes.
We prove now that it is a chain map. The use of exterior differential forms in computation of d1
lead us to use antisymetric chains: if σ is a permutation of [k] then (β, o ◦ σ) is by definition equal
to ǫ(σ)(β, o) where ǫ(σ) is the signature of σ. Therefore a chain in l2(G) ⊗C[G] C.(K˜ǫ, K˜ǫ(∞)) is
defined by
∑
(β,{o})
a(β,o)(β, o) where {o} = {o(0), . . . , o(k)} is identified with the orbit class under
the permutation group of the injective map o : [k] → T k+1 and o → a(β,o) is antisymetric in o. If
β ∈ T˜ k or Tk, let rβ , . . . denotes the restrictions of p
∗(rnp(β)), . . . to Uβ , that connected component
of p−1(Unp(β)(ǫk)) which contains D˜β (notations of 4.4.5). With these conventions, we associate
to the square integrable singular chain c =
∑
(β,{o})
a(β,o)(β, o) ∈ C
(2)
k (K˜ǫ \ K˜ǫ(n.c.)) the logarithmic
form (see 4.4.5)
L(c) =
∑
(β,{o})
a(β,o)r
∗
β(Cβ)η(β,o) =
∑
{o}
r∗o(
∑
β
a(β,o)Cβ)ηo
whose residu is
r(c) =
∑
{o}
(
∑
(β,o)
a(β,o)Cβ)⊗ Λ
ot ∈ ⊕{o}H
2(n−(k+1))
d(2) (p
−1(Do))⊗ Λ
k+1T .
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Here η(β,o) is the extension by 0 to X˜ of p
∗(η(o(0),..., o(k)))|Uβ . Let (γ, o
′) ∈ K˜k−1. Then, as in
(4.4.5),
ResγdL(c) = a
∗
γ
 ∑
D˜β⊂D˜γ
(−1)2(n−k−1)
∑
i∈T\o′([k−1])
a(β,(i,o′))ωir
∗
β(Cβ)
⊗ Λo′t .
Let qγ be the orthogonal projection L
2(D˜γ ,Λ
2(n−k)) → H
2(n−k)
d(2) (D˜γ). It is non vanishing only
if D˜γ is compact. In this case,∫
D˜γ
ωir
∗
βCβ =
∫
p−1(Di)∩D˜γ
r∗βCβ =
∫
D˜β
r∗βCβ = 1
for supp(r∗βCβ) ∩ p
−1(Di) ∩ D˜γ = D˜γ (see 4.4.5). Hence qγ(ωir
∗(Cβ)) = Cγ and
qγ ◦ResγdL(c) = (−1)
2(n−k−1)
∑
D˜β⊂D˜γ
(
∑
i∈T\o′([k−1])
a(β,(i,o′)))Cγ ⊗ Λ
o′t
=
 ∑
(β,{o})
a(β,o)ǫ((β, o) : (γ, o
′))
Cγ ⊗ Λo′t
where ǫ((β, o) : (γ, o′)) is vanishing if D˜β 6⊂ D˜γ and is equal to the signature of the permutation
mapping o to (i, o′) if D˜β ⊂ D˜γ and o([k]) \ o
′([k − 1]) = {i}.
Let q = ⊕γqγ be the orthogonal projection L
2(p−1(Dk),Λ
2(n−k)) → H
2(n−k)
d(2) (p
−1(Dk)). It will
be identified with the induced projection H
2(n−k)
d(2) (p
−1(Dk))→ H
2(n−k)
d(2) (p
−1(Dk)). Then
q ◦ d1(r(c)) =
∑
γ,{o′}
qγ ◦ResγdL(c) =
∑
(β,{o})
∑
(γ,{o′})
a(β,o)ǫ((β, o) : (γ, o
′))Cγ ⊗ Λ
o′t
∑
(β,{o})
∑
i∈{o}
a(β,o)ǫ((β, o) :
i
ˇ(β, o))C i
βˇ
⊗ Λ
i
oˇt = r(∂c) .
One notes that the boundary maps are bounded for∑
γ∈T˜k
(
∑
D˜β⊂D˜γ
|a(β,o)|)
2 1
nγ
≤
∑
γ
(
∑
D˜β⊂D˜γ
|a(β,o)|
2
nβ
)(
∑
D˜β⊂D˜γ
nβ
nγ
)
≤ (k + 1)
∑
β
|a(β,o)|
2 1
nβ
max
γ∈Tk
♯{β ∈ Tk+1 : Dβ ⊂ Dγ) .

The following theorem holds for any real torsion theory greater or equal to τU(G) (e.g. τdim).
Theorem 5.2.7. Let X˜ → X be a G−covering of a compact n−dimensional Ka¨hler manifold,
let D be a normal crossing divisor in X and let K˜ be the associated dual complex. Let K˜ǫ(∞) be
the augmented subcomplex of cells of infinite isotropy subgroups. Theses cells are in one-to-one
correspondance with the set of the non compact connected components of
⊔
I∈P(T )
p−1(DI). There
exists isomorphisms in Mod(N(G))
r : (l2(G) ⊗C[G] C.(K˜ǫ, K˜ǫ(∞)), ∂) → (H
2(n−(.+1))
d(2) (p
−1(D.+1)), q ◦ d1)
which induce the isomorphisms in Mod(N(G))/τU(G)
Hk,(2)(K˜ǫ, K˜ǫ(∞)) → Gr
W
2nH
2n−(k+1)(X \D, p∗(2)C) for k ≥ −1.
Hence GrW2nH
2n−k(X \D, p∗(2)C) is non vanishing in Mod(N(G))/τU(G) implies that there exists
compact connected components in p−1(Dk) (k ≥ 0).
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Proof.
The hypothesis implies that K˜ǫ(∞) = K˜ǫ(n.c.), |Gβ | = nβ and the set of orbits of K˜ǫ \ K˜ǫ(∞)
is finite. Then (l2(G) ⊗C[G] C.(K˜ǫ, K˜ǫ(∞)), ∂) is identified with (C
(2)
. (K˜ǫ \ K˜(n.c.)), ∂) and we
conclude from lemma 5.2.5 and 5.2.6.
Corollary 5.1.4 implies that Hk−1,(2)(K˜ǫ, K˜ǫ(∞))→ Gr
W
2nH
2n−k(X \D, p∗(2)C) is an isomorphism
in Mod(N(G))/τU(G) if G is infinite. 
Remarks 5.2.8.
1) Let dimC D˜β = n − k and let Gβ be the stabiliser of the irreducible component D˜β. Then the
operatorIm(∂) : L2(D˜β ,Λ
2n−2k−1)→ L2(D˜β ,Λ
2n−2k) has close range iff Gβ is non-amenable. (see
Brooks [5], Saloff-Coste Woess [48]).
2) In Mod(N(G))/τU(G) , we have Hk,(2)(K˜, K˜(∞)) ≃ Hk,(2)(K˜, K˜(∞)) where Hk,(2)(K˜, K˜(∞)) is
the (simplicial) harmonic space associated to the finitely generated hilbertian complex
(l2(G)⊗C[G] C.(K˜, K˜(∞)), ∂).
5.3. Normal crossing divisor such that X \D is Stein. Assume that X \D is Stein. Then
the sheaves (j∗p)∗(2)Ω
.
X\D are Γ(X \D, .)−acyclic ([8]). From proposition 4.1.3, we deduce:
Lemma 5.3.1. Let p : X˜ → X be a covering of a complex manifold with transformation group
G. Assume that X \ D is Stein. Then H .(X \ D, p∗(2)C) is N(G)−isomorphic to H
.(Γ(X \
D, (j∗p)∗(2)Ω
.
(2)), d) . In particular, k > dimX implies H
k(X \D, p∗(2)C) = 0 .
This last statement may be proved by other topological methods.
One deduces that the dual complex associated to p−1(D) is acyclic for the reduced l2−cohomology
up to degree dimCX − 1:
Proposition 5.3.2. Let p : X˜ → X be a G−covering of a compact Ka¨hler manifold. Let D be
a normal crossing divisor in X. Assume that X \D is Stein. Then the relative homology group
Hi(2)(K˜ \ K˜(∞)) of the dual complex is vanishing in Mod(N(G))/τU(G) when i+ 1 < n = dimCX.
Proof. This is a consequence of theorem 5.2.7 and the above lemma. 
Example 5.3.3. Assume X is projective and dimCX = n ≥ 2. Let D be a divisor in X and let
Dv be a generic hyperplane section such that D ∪ Dv is a normal crossing divisor. We compare
the dual CW−complex K˜ associated to p−1(D) with K˜ ′ the one associated to p−1(D ∪Dv). We
recover directly the vanishing result of Hi(l
2(G)⊗C[G] C.(K˜
′, K˜ ′(∞),C)) for i ≤ n− 2.
Roughly speaking, K˜ ′ is obtained from the formal cone w⋆K˜ by removing n−cells and replacing
a formal (n−1)−dimensional cell w⋆(β, o), with D˜β a curve, by the collection of (n−1)−cells which
parametrizes points in D˜β∩p
−1(Dv) and attached along there common boundary w⋆∂(β, o)∪(β, o):
Let T˜ ′k ∋ γ → D˜γ be a set which parametrizes the connected components of codimension k of
p−1(⊔♯I=k,I⊂T∪{v}DI). Let us assume that Tk ⊂ T
′
k. One sets D˜w = p
−1(Dv). We choose an
ordering on T ′ = T ∪ {v} such that v is the biggest element of T ′. Let (γ, o′) ∈ K˜ ′k−1 be such that
D˜γ ⊂ p
−1(Dv) and let k ≥ 2. There exists a unique (β, o) in K˜k−2 such that D˜γ ⊂ D˜β ∩ p
−1(Dv).
Hence (o′(0), . . . , o′(k − 1)) = (o(0), . . . , o(k − 2), w) and ∂k−1(γ, o
′) = (β, o). The Lefschetz’s
theorem implies that D˜γ = D˜β ∩ p
−1(Dv) if dimC D˜β ≥ 2. When D˜β is a curve, p
−1(Dv) ∩ D˜β
is a discrete set of cardinality nβ♯(p(D˜β) ∩Dv) with nβ the degree of the covering D˜β → p(D˜β).
Let n − 1 ≥ k ≥ 2, we can define a map ⋆w : K˜k−2 → K˜
′
k−1 by ⋆w((β, o)) := (γ, o
′). Then
K˜ ′k−1 = ⋆w(K˜k−2)∪ K˜k−1. Let (β, o) ∈ K˜n−2. Choose arbitrarly one connected component D˜γ in
D˜β ∩ p
−1(Dv). We define ⋆w : K˜n−2 → K˜
′
n−1 by ⋆w((β, o)) = (γ, (o, w)).
Therefore K˜ ′≤n−2 is embedded in the subcomplex ⋆w(K˜≤n−2) ∪ K˜≤n−1 ∪ {w} of K˜
′. This
subcomplex is isomorphic to a cone with vertex w over K˜≤n−2 (see Munkres [40]p. 43). This
implies that Hi(l
2(G) ⊗C[G] K˜
′) = 0 when i ≤ n − 2. Hence Hi(l
2(G) ⊗C[G] C.(K˜
′, K˜ ′(∞),C)) is
vanishing for i ≤ n− 2.
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5.4. Edge Homomorphisms. One states here the Edge homomorphisms of the non reduced
weight spectral sequences: From El,k1 (W−) ≃ H
k+2l
(2) (p
−1(D−l)), we get that E
l,k
r (W−), (r ≥ 1), is
non vanishing implies −n ≤ l ≤ 0 and −2l ≤ k ≤ 2n.
Lemma 5.4.1.
1) There exists an epimorphism E0,k2 (W−)→ Im(H
k(X˜, p∗(2)C)→ H
k(X \D, p∗(2)C)).
2) There exists a monomorphism GrW2nH
2n−l(X \D, p∗(2)C)→ E
−l,2n
2 (W−).
3) The following sequence is exact:
H2n−2(X \D, p∗(2)C)→ E
−2,2n
2 (W−)
d2→ E0,2n−12 (W−)→
H2n−1(X \D, p∗(2)C)→ E
−1,2n
2 (W−)→ 0
Proof. We refer to ([26] II.4.5 p. 81) for these well known assertions. 
5.5. Ka¨hler Hyperbolic manifolds. Let p : X˜ → (X,ω) be a G−cover. Following Gromov [31],
the form ω˜ = p∗ω is said to be d(bounded) if ω˜ = dη with η a 1−form which is bounded with
respect to ω˜. We recall the following theorems on Ka¨hler hyperbolic manifolds ([31] 1.4.A and
2.5):
Theorem 5.5.1 (Gromov).
i) Let (X˜, ω˜) be a complete Ka¨hler manifold of real dimension n = 2m and assume that ω˜ = dη where
η is a bounded 1−form on X˜. Then there exists a strictly positive constant λ0 ≥ constn||η||
−1
L∞
such that every l2−form ψ of degree p 6= m satisfies the inequality
< ψ,∆ψ >≥ λ20 < ψ,ψ > .
Furthemore, the above inequality is satisfied by the l2−forms of degree m which are orthogonal to
the harmonic m−forms.
ii) Let (X˜, ω˜)→ (X,ω) be the universal cover of a Ka¨hler manifold. Assume that ω˜ is d(bounded).
Then the space Hp,q
∂(2)
(X˜) of harmonic l2−forms on X of bi-degree (p, q) is non vanishing if p+q =
m.
A spectral gap for ∆ acting on forms on any degree implies that d, δ, ∂ and ∂
∗
have closed
ranges for the metric is complete Ka¨hler and ∆ = ∆∂ .
Moreover, for any complex submanifold i : Y → X , the pullback induced metric i˜∗ω of the
pullback G−cover i∗p : (Y˜ , i˜∗ω) → (Y, i∗ω) is also d(bounded). Hence the property of being
d(bounded), and then of spectral gap in any degree, in the G−cover is hereditary.
From the Lefschetz theorem [3], if X is a projective manifold and Y is a generic intersection of
at most n − 2 hyperplane sections then Π1(Y ) ≃ Π1(X). Hence the above theorem implies that
Hp,q
∂(2)
(Y˜ ) 6= 0 if p+ q = dimY .
Theorem 5.5.2. Let p : (X˜, ω˜) → (X,ω) be a G−cover such that ω˜ is d(bounded). Let D be
a normal crossing divisor in X. Then any torsion theory τ fulfills asumption of theorem 4.2.1.
Moreover the weight spectral sequence degenerates at E1:
GrWk+lH
k(X \D, p∗(2)C) ≃
{
Hk−ld(2)(p
−1(Dl)) if k = n
0 if k 6= n
Therefore we may choose the trivial torsion theory τ = ({0},Mod(N(G)) (no non zero torsion
modules) in the statement of theorem 4.2.1.
Proof. Recall that DI := ∩t∈IDt → X . Indeed the l
2−cohomology groups Hp,q
∂(2)
(p−1(DI)) are
reduced for ∂D˜I has a closed range. Hence τ∂,p−1(DI ) = (0,Mod(N(G))) (3.3.2) is the trivial
torsion theory: the l2−Hodge to De Rham spectral sequence of p−1(DI) degenerates. Therefore
τ∂,p−1(D.) (4.1.4) is also trivial. According to Lemma 4.1.5 (3), this implies that for each l ∈ Z,
RΓ(GrWl K) := [(ΓR
lj∗p∗(2)R), (RΓGr
W
l p∗(2)Ω
.
X(logD), F ), RΓ(Gr
W
l β˜)] is a Hodge complex in
N(G,R) as required in theorem 4.2.1.
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In the E1−page of the weight spectral sequence, the only non vanishing terms areH
n−l
d(2)(p
−1(Dl))
which are isomorphic to the corresponding harmonic spaces. Therefore the weight spectral sequence
degenerates at E1, Gr
W
n+lH
n(X \ D, p∗(2)C) ≃ H
n−l
d(2)(p
−1(Dl)) and H
k(U, p∗(2)C) is vanishing if
k 6= n. 
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